RANDOM HYPERGRAPH IRREGULARITY

PAUL BALISTER*, BELA BOLLOBAS?, JENO LEHEL}, AND MICHA} MORAYNE §

Abstract. A hypergraph is k-irregular if there is no set of k vertices all of which have the
same degree. We asymptotically determine the probability that a random uniform hypergraph is
k-irregular.
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1. Introduction. For r > 2, an r-uniform hypergraph is a pair H = (V, E)
consisting of a finite set V, called the set of vertices, and a set F of distinct r-element
subsets of V, called the set of edges. The degree of a vertex v € V is dy(v) = |[{e €
E : v € e}|. The hypergraph H is called (degree) irregular if its vertex degrees are all
distinct, i.e., dgy(u) = dg(v) implies u = v.

Repeated degrees in graphs (the case r = 2) was observed first by Behzad et al.
in [1], and the repetitions were discussed by Bollobds in [2] (see also [3]). The study
of degree irregular hypergraphs started with Faudree et al. in [5]. Gyédrfds et al. show
in [7] that there exist degree irregular r-uniform hypergraphs of order n if and only if
r > 3 and n > r 4+ 3. Furthermore, it is proved that almost every random r-uniform
hypergraph is degree irregular for r > 6, when the edges emerge independently with
probability p = 1/2.

The case when the probability p depends on n was discussed recently for r = 3
and 4. Balister et al. proved in [4] that in a random 3-uniform or 4-uniform hypergraph
of order n the probability that some two vertices have the same degree tends to one
as n — o0o. The purpose of the present paper is to give a complete answer to the
question for every r > 2 and p = p,. As the corollary of a more general result we
obtain the asymptotic value of the probability that a random r-uniform hypergraph
has no repeated degrees.

THEOREM 1.1. Let ‘H be a random r-uniform hypergraph of order n with inde-
pendent probability p = p, for each r-set being an edge. Then

0 if p(1—p)n"=> =0,
P(H is irreqular) — < f.(c) if p(1 —p)n"=5 = c € (0, 00),
L i p(1—p oo,
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where

fr(c) =exp ( - ﬁ (r _C 1)!) € (0,1).

The formula implies that in a random r-uniform hypergraph asymptotically al-
most surely there exist repeating degrees for r < 4. In contrast, asymptotically almost
surely there is no degree repetition for » > 6 and constant p, 0 < p < 1. In this regard
the value r = 5 behaves like a “threshold” with respect to the rank r for the property
that an r-uniform hypergraph is asymptotically almost surely irregular or not.

For fixed k > 2, we call a hypergraph H k-irregular if there is no set of k vertices
all of which having the same degree in H. For the case k = 2, a 2-irregular hypergraph
is just irregular, all vertices having distinct degrees. Our main result is the following
theorem.

THEOREM 1.2. Let ‘H be a random r-uniform hypergraph of order n with inde-
pendent probability p = p, for each r-set being an edge. Then

P(H is k-irreqular) = exp (— (Z) W) +o(1)

as n — oo, where o* = (" )p(1 — p). Moreover, if (Z)m — X for some

constant A € [0,00) as n — 0o, then the number of k-sets of vertices of equal degree
converges in distribution to a Poisson random variable of mean .

COROLLARY 1.3. For any fixed k and T,

0 if p(1 —p)ynr—3-2/(k=1) _ q,
P(H is k-irreqular) — < fr.(c) if p(1 —p)n"=372/(k=1) — ¢ € (0, 00),
1 if p(1 —p)n™=3=2/k=1) 5 oo,

where

frr(c) =exp < - kli/é(%iﬂ)(k—l)h) c(0.1).

Theorem 1.1 above is the special case k = 2 of Corollary 1.3. It is worth noting
that if we allow ¢ = 0,00, then with the usual extension of arithmetic, Corollary
1.3 takes the following simpler form: if p(1 — p)n"=3=2/(+=1) — ¢ € [0,00], then
P(H is k-irregular) — fi..(c).

The proof of Theorem 1.2 uses the method of moments. It is prepared for by
a sequence of technical lemmas in Section 2. The choice of the conditions and the
assumptions in the lemmas might look arbitrary until Lemma 2.6 is obtained and
applied to conclude the proof of Theorem 1.2 in Section 3.

It is tempting to conjecture that when ( k)m

k-sets of vertices of equal degree is asymptotically normally distributed. This should
indeed hold under a fairly wide range of the parameters, but one should note that

it is not universally true, even when the mean and variance of W are large. For

— 00, the number W of
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example, if p(:f) ~ 1 then the number X of edges in # is given by an approximately
Poisson distribution and these edges are usually disjoint. But, with disjoint edges,
W = ("_kTX) + (rlf) ~ (}) —rX(,",) has a probability distribution which is far from
normal, even though it has large mean and variance.

Recall a few standard technical notations that we will use in the discussions. For
positive functions f(n) and g(n), we write f(n) = O(g(n)) if there is a constant ¢
such that f(n) < c¢-g(n); we write f(n) = Q(g(n)) if there is a constant ¢ > 0 such
that f(n) > c¢- g(n); we write f(n) = O(g(n)) provided both f(n) = O(g(n)) and
f(n) = Qg(n)); we write f(n) = o(g(n)) if f(n)/g(n) — 0 as n — oo; we write
f(n) =w(g(n)) if f(n)/g(n) = oo as n — occ.

2. Bounds and estimations. Let H = H(")(n,p) be a random r-uniform hy-
pergraph on n vertices, each edge present independently with probability p = p,.
Denote the vertex set and the edge set of H by V(H) and E(H), respectively, and
write ¢ = g, =1 — py,.

We wish to estimate the probability that H is k-irregular. As this probability is
the same as for the complement of H, we shall usually assume that p < % We shall
use the method of moments, so we wish to estimate the probability that there are ¢
fixed k-sets in V(H), such that the degrees are constant within each k-set. We shall
usually be dealing with the case when the t fixed k-sets are pairwise disjoint.

Fixt >0,k >k >2 and let Vi,...,V;, Vi1 be pairwise disjoint subsets of
vertices with |V;| = k, for 1 <14 < ¢, and |V;41| = k’. (For technical reasons we shall
need to consider the case k' > k.) Let &; be the event that all vertices in V; have the
same degree in H and let £<; = ﬂle Ei. Set Vey = U§:1 Vi.

For S C V<, let Ty be the number of edges e € E(H) with eN V<, = 5. We
may assume that |S| < r (otherwise Ts = 0). Clearly E<; is determined by the set
of integers T's, S # 0, indeed, the degree of any vertex v € V; is just 3¢, Ts. Let

Vie1 = {v1,...,v} and denote the degree of v; by d;. Let dEO) be the number of
edges of H that meet both v; and V<.

LEMMA 2.1. Let X be the random variable dgo) - dgo). Then E(X?) < 2ptk(,.",).
Furthermore, if k and t are fized and if P(E<;) = n= %W and pn"~! = w(logn), then
E(X? | &E<) < (2+0(1))ptk(,",).

Proof. For the first result, note that there are M = (::f) — (";ﬁcf 2) potential
edges that contribute to déo) but not dgo)’ and a disjoint set of M possible edges that
contribute to d§0) but not dgo)' Thus X ~ Bin(M, p) — Bin(M, p) is the difference of
two independent Binomial random variables. From this it is immediate that E(X) =0
and E(X?) = Var(X) = 2Mpq < 2Mp. Now

n—3 .
n—2 n—tk—2 J n
f— — pr— <
M (r—l) < r—1 ) ] Z (r—?)tk<r—2>’
j=n—tk—2
so the first result follows.
For the second result we first show that

E(X? | {Toksp) € — o S (= [SNTs < @+o) = ST (2)
S#0 S#0

Write X = ZS#) X where Xg is the contribution to X coming from edges e such

that eNV<; = S and |S| <r—1. Fix Sand let N = (:L:|tsk|) be the number of potential
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edges e such that eNV<; = S. Let Ny = (:L:‘gkl:zl) be the number of potential edges e
such that eN V<, = S and v1 € e but vy ¢ e (or vice versa). Then conditioning on T’s
means V) that Xg = X;r — Xg, where X;r counts the number of edges chosen from
one set of size V; and Xg counts the number of edges chosen from a disjoint set of
size N1, inside a set of N elements, when Ts distinct elements are chosen uniformly

at random from this N element set. Clearly E(XJ) =E(Xg)= Ny - T—]\f Also

BUX (X - 1) = B(X5 (X5 1) = Mt - 1)- =)
B(XXg) = N e,

From this one deduces that

E(X3 | Ts) = E((X{ — Xg)%) = 2B(X§ (X§ — 1)) + 2E(X{) — 2E(XJ X))

_ G Ts(Ts = DNi(V) — 1) TN o Ts(Ts - 1)N2
N(N —1) N N(N —1)

< oLsi

=N

Now N;/N = (T‘(ﬁgg@tﬂr—ﬁ‘)s‘) < (r—|S|)/(n—tk). Thus (2.1) follows by summing
over all S # ().
The event €<, is determined entirely by {Ts} g, so to estimate E(X? | £<;) it

is enough to combine (2.1) with a bound on E(T" | £<¢), where T' = 3 g4 Ts. The

unconditioned distribution of 7" is Bin(N’, p), where N’ = (’Z) — ("_rtk) is the number
of potential edges meeting V<.

Fix ¢ > 0. Then by the Chernoff bound, there exists § = d(¢) > 0 such that
P(T > (1 + ¢)pN’) < e N'P. Using the assumption that P(<;) = n~°1) and
N'p = Q(pn"~!) = w(logn) we have that

]P)(T > (1 —|—5)N’p | gﬁt) < 676N/p+0(10gn) _ 67w(logn).
As the maximum possible value of T is n©(1) = ¢2°87) N'p we have
E(T|E<) <(14e)Np+P(T > (14¢)N'p|E<t)(maxT) < (1+ 2¢)N'p,

for all sufficiently large n. Finally, N’ = (") — (";tk) < tk(,",), so using (2.1) and

T
the chain rule for conditional expectation we obtain

E(X? [ €<i) < (2+0(1)=2AE(T | €<1) < (2+0(1)) =2 N'p < (2 + o(1))ptk(,",)-

n

Let dgl) be the number of edges of H that meet v; and at least one other v; € Vi1,
but not V<;. Let Y be the random variable dgl) — dgl). As Y does not involve edges
meeting V<, Y is independent of both X = dgo) - dgo) and E<.

LEMMA 2.2. If Y = d3"” —di" then E(Y?) < 2pk'(,",).

-2

Dnote that the conditional distribution here is multivariate hypergeometric
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Proof. Y ~ Bin(N,p) — Bin(V,p) where N = (”7““72) - ("7““’“/) counts the

r—1 r—1
number of potential edges meeting, say v; and some other v;, but not va or Ve;. As

E(Y) =0, E(Y?) = Var(Y) = 2Npg. The result follows as N < k/(.",). O
Let d; = dl(o) + dgl) be the number of edges meeting v; and at least one other

vertex of Vi U Viyg.

COROLLARY 2.3. Set Z;j = d;—d};. If P(E<;) = n= %W and pn™' = w(logn) as
n — oo, then both B(Z}) and E(Z}; | E<;) are bounded by (2+o(1))p(kt+k)(,",) =
O(pn"=2) fori#j.

Proof. Note that Z;; ~ Zo; = X +Y. As Y is independent of X and £<;, and
E(Y) =0,

E(Z3) | £<) = B(X? | €<t) + 2E(X | E)E(Y) + E(Y?) = E(X? | £<¢) + E(Y?)

and similarly for the unconditioned expectation. The result follows from Lemmas 2.1
and 2.2. 0

Before we estimate the probability that &1 holds, we shall need a simple es-
timate comparing the probabilities in a binomial distribution with that of a normal
distribution. The lemma below follows from a result in Feller [6] (Theorem 1. p.170)
by elementary calculations. Here we present an alternative direct proof.

LEMMA 2.4. There exists an absolute constant C > 0 such that for all N,t € Z,
N>0,pe(0,1), and z+ Np € (t — %,t—&—%], we have
1
V2o

where 02 = Np(1 —p), |enp(2)] < C/o, and [ |enp(2)|dz < C.O
Proof. Write ¢ = 1 — p. First we note that the result is trivial for bounded o,
so we shall assume o is large. We may also assume that |z| < ¢%? as otherwise

P(Bin(N,p) = t) = (67512 4 en,(2))

both P(Bin(N,p) = t) and e=*/27" are bounded by any negative power of o. (For
the binomial this follows from the Chernoff bound.) Similarly, we can assume the
integral of |en ,(2)| is restricted to the range |z| < ¢*/% in the last statement. As
|z| < 0%/? < 0? < min{Np, Nq}, we also have that t, N—t > 02/2. Write t = 2o+ Np.
From Stirling’s formula and some calculation we have

. N _
P(Bin(V.p) =) = () )t~
1 Np\t+2 / Ng \N—t+1 1 1
= 7\/50(7’)) (k) (406G +55)
1 6—(Np+zo+%)log (1+]'\%))—(Nq—zo+%)log (1—%)-{-0(%)
V2mo
— Le*23/202+0(1/0’2)+0(|20|/02)+O(\Zo\3/04)
V2mo
_ L 220 1001/0%)40( 2l fe?) 401 /o)
2mo
As the O(1/a?) + O(|z|/0?) + O(|z]3/o*) terms are bounded and the maximum of
=2%/20% occurs at z = O(0o), we deduce that

enp(z) = O(e7* 27" (1/0% + |2| /% + |2 /o)) = O(1 /o).

z"e
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Also, the integral of z"e=%"/20" ig O(a™*h), so

4/3

| ez = o,
_o4/3
0

LEMMA 2.5. Fizing k', k, t, and conditioning on the event E<; and the values of
di,i=1,...,k', the probability that all vertices in Vi41 have the same degree is

’ 1
P&y | E<t, {31 ) = ——— <1 +0(3) - O(aL Zz’))
- N i ; K

where 02 := ("_th;k/)pq,

Proof. Note that the event £<; and the values of d are determined by the set of

edges that either meet V<;, or meet V; 1 in at least two vertices. Let N = ("_T”f;k/)

Then there are N possible edges meeting V<; U V11 only at v;. We condition on £«
and on the values of d,. Observe that d; — d; ~ Bin(N, p), and d; — d} is independent
of dj —d) for all j # i. The probability that all vertices in V;11 have the same degree
is then given by

k' k'
P(Ers1 | E<tAd}ily) = D [[P(di = d | df) = [[P(Bin(N,p) = d - d}).

d i1=1 d i=1

By Lemma 2.4, for every fixed d and for every z € (d —d, — Np — %, d—d;— Np+ %]

we have P(Bin(N,p) =d —d}) = ﬁ(e‘zz/z72 +en,p(2)) or equivalently, for every

z€(d—-Np—13%,d—Np+ 3],

1 /
P(Bin(N,p) =d — d}) = o (e_("”_di)Q/QUQ Fenplo—d).
o

Note that, defining d to be the nearest integer to x + Np, the right hand side is a step
function of z, and hence we obtain

00
, 1 o o
P(gtJrl | ggt, {d; f:1) = / I | 727TJ (6_(“c d;)*/20” + EN,p(.QS — d;)) dx
o0 TV

o PN

where we have used the fact that e=(@=4)"/29" and ey (z — d}) are bounded, so the
integral of any product of these terms is bounded by a multiple of [ |en ,(2)|dz = O(1)

when there is at least one en ,(z — d}) term. Thus

’ 1 ’ 17 oo ’ -
]P)((‘:t+1 | ggt, {d;}ff:l) = 7( 5 )k’ {e_(zdﬂ_k; dz)/2o-2 / e—k (z—d)? /202 do + O(]_)}
o oo
1 72 132 2
- = | ,mCdr=Kd) /20
e



Repeated degrees in random hypergraphs 7

where d = - >0, d; Now
T a2 —2Y did,
Z i _E<Z( Z ) Z( —d;) klz i
i<j i<j 1<j
and &’ is fixed, so
/ 1
Mk _
P(gt+1 ‘ ESD {dz}zzl) - \/P(\/%U)klfl (1 + O (02 ; >>
0
LEMMA 2.6. Assume that pn”~! = w(logn) asn — oo, and leto® = (,",)p(1—p).
ThenP(Eq1 | <) = ﬁt;’c’—l’ in particular, P(&) = % and P(E<;) =
(1+o(1))P(&1)".

Proof. We apply Lemma 2.5 with ¢ = 0 and ¥’ = k to obtain

BE: () = e (14 0() - 0( 0 2) ).

1<J
where 0?2 = (:f:]f)pq = (1 +o0(1))0? and 02 = O(pn"~!) — oo, by assumption
(and since p < 1/2). Now Z;; ~ Zy1 =Y as X = 0, so by Lemma 2.2, we obtain
E(Z%) = O(pn"~?). As n — oo, the result follows for one k-set of vertices by using
the total probability formula. Note that P(&;) = n~9®),
Now by induction on ¢, we may assume that P(<;) = n~9(). By Corollary 2.3,
we have E(Z}; | £<¢) = O(pn"~?). Then, by Lemma 2.5, we obtain

P& | £20) = E(P(Evsr | Exi, {d}}) | €20
- : T I 1, r=2
= \/E( 27.[_0’/,)]6,71 <1+O(g//) O(G//zpn )),

where 02 = ("_Ttl_gfk/)p(l —p) = (1+0(1))o? and 0% = O(pn"~!) — oco. Thus
the first result follows using the total probability formula, and the last result follows

by taking ¥’ = k and using induction on ¢. O

Let & C &; be the event that vertices of V; have the same degree, but that no
other vertex of H has this degree. Define £, = Ni_, &

i=1%%"

LEMMA 2.7. Under the conditions of Lemma 2.6, P(£2,) = (1= 0(n/o))P(E<t).

Proof. For E<; \ €L, to hold, either two of the same degrees of two k-sets are
equal, or one of the k—s?ets has degree equal to some other vertex of H. In the first
case we have t — 2 k-sets and k' = 2k vertices in the unified set (obtained by merging
two V), which we label by V;; in the second case we have t — 1 k-sets and k' = k+1
vertices in V;. Let &(q) be the event that in V; the ¢ vertices have the same degree.
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Then, using Lemma 2.6 several times, and as ¢ is fixed, we obtain

P(E<i \ EL,) < (;)P(&tg N E(2K)) + tnP(E<i—1 N E(k + 1))

= (;)P(Et(Qk) | E<t2)P(E<ia) +tnP(E(k+1) | E<i_1)P(E<i 1)

=O0t*/o +tn/o)P(E<;) = O(n/o)P(E<;).
The result then follows since €2, C E<;. O

3. Proof of Theorem 1.2. We must show that

. . n 1

P(H is k-irregular) = exp ( <k> \/E( 271—0)1«—1) +o(1) (3.1)
as n — oo. Recall that by replacing H with its complement, we may assume that
P="pn < % The degree of any one vertex is given by a Bin((fj) ,p) random variable.
If pn™=! = O(logn), then the expected degree is O(logn). Assume there are no
k vertices of identical degree. Then there are at least n/2 vertices with degree at
least n/(2(k — 1)). Since the expected sum of degrees is n(np"~1) = n - O(logn), by

Markov’s inequality, we have

n-O(logn) > g L -P(H is k-irregular).

- 2(k—-1)

From here we obtain P(# is k-irregular) = O((logn)/n). Hence in this case the result

holds as the right hand side of (3.1) equals o(1). (Recall that o2 = (.",)p(1 —

p) = O(logn).) Hence if (4) fails, pn"~1/logn must be unbounded. Thus, taking a
subsequence if necessary, we may assume pn” ! = w(logn).

Let o = W First we deal with the case when ¢, := (})a is bounded

as n — oo. Note that in this case o*~! = Q(n*), so that n/oc — 0 as n — oc.
Let W’ be the number of k-sets of vertices that have the same degree as each other,
but degrees different from any other vertex of H. Thus W’ counts the number of
events &£] that occur as we let V; range over all k-subsets of vertices of H. Moreover
W' (W' —1)... (W' —t+1) counts the ordered ¢-tuples of distinct such sets. Thus

E(W' (W' —1)...(W —t+1)) = > PEN-NE).
Vi,..., Vi distinct

However, for ¢ < j, if V; N V; # 0, then & N &; implies that all vertices in V; UV;
have the same degree, so & and & fail. Thus £ N--- N & # 0 only when the V; are
disjoint. Now using that n/o — 0, by Lemmas 2.7 and 2.6, we obtain

E(W (W' —1)... (W —t+1)) = > PEL

Vi,...,Vi disjoint

= (Z) (n ; k) .. (n B t}f + k) (1-0(n/o))P(E<:)

= (1+o0(1)) ((Z)P(Sl))t = (1+o(1))ct..
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From Theorem 1.21 of [3], this implies that dry (W', Po(e,)) — 0 as n — oo, where
dry (W', Po(cy,)) is the total variation distance of W’ from a Poisson distribution of
mean ¢,. Now let W be the number of k-sets of vertices with common degree. Then
W > W', and using Lemmas 2.7 and 2.6 again, we have

E(W —W') =3 (P(&) - P(£])) = O(n/o) Y P(&1) = O(n/a)cn.
Vi Vi

Thus as n — oo, EW — W’') — 0 and so P(W = W’') — 1. Consequently, if

¢n — ¢ € [0,00) then W tends in distribution to a Po(c¢) random variable, and in

general P(W = 0) = e~ + o(1).

Now we deal with the case when (Z)a — 00 as n — oo. In this case we need
to show that P(H is k-irregular) = o(1). We use the second moment method. Let
W be the number of k-sets of equal degree vertices. Then, by Lemma 2.6, E(W) =
(14 0(1))(}) and with ¢ = 2 we obtain

2
n
EWW —1)) = Z P(E1N&) = (14 0(1)) <k‘) P(51)2 + Z P& NE) .
Vi#Va ViNVa#£0)
To see that the second term is negligible, let £1(q) be the event that in a given g-set the

vertices have the same degree. From Lemma 2.6 it follows that P(&; (k+i)) = O(a/o?).
Thus we obtain

> ranss y (7)(0) raw

k:<q:\V1UV2|<2k q=k+1

() ( e

i=1

k—1
o) (" )a njo).
() St
(n(n/o)F~1), we have Zf;ll(n/a)i
1))E(W)? and E(W) — oo, so P(W

= o((})@). Thus we obtain
>0)=1-
concludes the proof of Theorem 1.2. [J

o(1) follows. This

H
+ I
20

0

o,

implies (3.1) an
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