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Abstract. For anatural number , definean oriented site percol ation on 72 asfollows. Let x;,
v; beindependent random variables with valuesuniformly distributedin {1, .. ., k}. Declare
asite (i, j) € 7% closed if x; = y;, and open otherwise. Peter Winkler conjectured some
yearsagothat if k > 4 thenwith positive probability thereisaninfinite oriented path starting
at the origin, al of whose sites are open. |.e., thereisan infinite path P = (i, jo) (i1, j1) - - -
suchthat0 =ip <i; <---,0= jo < j; <---,andeachsite(i,, j,) isopen. Rather surpris-
ingly, this conjecture is still open: in fact, it is not known whether the conjecture holds for
any value of k. Inthisnote, we shall prove the weaker result that the corresponding assertion
holds in the unoriented case: if k > 4 then the probability that there is an infinite path that
startsat the origin and consists only of open sitesis positive. Furthermore, we shall show that
our method can be applied to awide variety of distributions of (x;) and (y;). Independently,
Peter Winkler [14] has recently proved a variety of similar assertions by different methods.

1. Introduction

In the most widely-studied percolation models (see for example [6]), the vari-
ous bonds or sites behave completely independently. In many models of interest,
however, this independence is lost. Some of these dependent models, such as the
random-cluster model (see[7], [8]) are of substantial intrinsic interest; others, such
as those arising in renormalization arguments, are used to give information about
the classical independent setting (for example that studied in [1]).

In general, it can be extremely difficult to prove results about dependent mod-
s, evenif the corresponding resultsin the independent case are almost atriviality;
it is an important challenge to develop techniques for tackling these difficulties.
Methods of Klein [10] apply to some dependent processes, including the contact
process in a random environment — which can naturally be seen as a dependent
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percolation model. Perhapsthe most basic question, for many processes of interest,
isto show that there is a non-trivial phase transition; in percolation processes this
normally amounts to showing that percolation occurs for some parameter values,
but not for others. Where the dependencies are merely local (that is, sites or bonds
are independent, or nearly independent, provided they are far apart) then general
methods of [11] answer this basic question, but long-range dependencies present
afar greater challenge. One of the most infamous models with long-range depen-
dencies, for which even the most basic question — of the existence of percolation at
any parameter value — remains unanswered, is due to Peter Winkler.

To describe Winkler’s problem precisely, and the related problem that we shall
address, we consider the 2-dimensional lattice Z2. Let x;, yj € {1...k}, betwo
sequences of symbols or colors. The sequences may be finite (e.g., defined for
1 <i,j < n),infinite (e.q., defined for i, j € N) or doubly infinite (defined for al
i, j € 7). Declare asite (i, j) € 72 to be closed or blocked if x; = y;j, otherwise
declareit to be open. Siteswhere x; or y; are not defined are also considered open.
A trail is a sequence (i, jo), (i1, j1) - - - Of sitesin Z2 each one of which is at
distance exactly 1 from the previous one; it isapath if additionally all the sitesare
distinct. A path asaboveissaidto beoriented if, for all n, i, 11 > i, and j, 11 > Jjn.
A path or trail istraversable or open if each of the sites (i,,, j,,) isopen.

About ten years ago, Peter Winkler conjectured that if x;, y; are independent
random variables uniformly distributed in {1, ..., k}, where k > 4, then thereis
a positive probability of an infinite open oriented path starting at the origin. (In
fact, this formulation of the conjecture is due to Noga Alon: Winkler formulated
his conjecture in terms of colliding random walks on graphsinvolving ‘ clairvoyant
demons’. For some results on colliding random walks, see [3].) This fascinating
and notorious conjecture is still open; moreover, there is no value of k for which
the probability of survival isknown to be strictly positive.

The aim of this paper is to decide under what circumstances we have strictly
positive probability of survival (percolation) in the unoriented case. Of course, we
say that asite (i, j) survivesif thereisatraversabletrail starting from (i, j) with an
infinite number of vertices. By a simple compactness argument, this is equivalent
to the existence of traversable trails reaching sites arbitrarily far from the origin.

Now assume x and y are two independent random sequences drawn from two
distributions ., and ., (which may be the same distribution). We shall consider
the probability ps(i, j) that the site (i, j) survives. We shall mainly be interested
in the case when x and y are doubly infinite random sequences and both distri-
butions are trandation invariant. Under these circumstances p; = p;(i, j) will
be independent of the site (i, j). The question arises, is p; strictly positive? One
special caseiswhen x;, y; areindependent random variables uniformly distributed
in{1,...,k}, for which we shall show that p; is strictly positive precisely when
k > 4. We shall also prove resultsfor more general distributionsincluding the case
when x; and y; come from different distributions. In particular, we shall give con-
ditions on the distribution of one of these sequences that ensure that the probability
of surviva is strictly positive, provided the other sequence is independent and its
distributionistrandation invariant. I ndependently, similar results have been proved
by Winkler [14] in the case when the two sequences have identical distributions.
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Despite these results, the original problem of oriented percolation seems far
from being proved. Indeed, arecent result of Gacs [5] showsthat if the probability
of percolation to infinity is positive then the probability that there is percolation to
distance r but not to infinity does not decrease exponentialy with n. Thisisin con-
trast to the unoriented case and to most of the other percolation problemsthat have
been studied to date. Since many of the standard percolation argumentsrely on the
probability of surviving to distance » but not to infinity decreasing exponentially
with n, this suggests that the oriented case is very hard.

2. Preliminary results

We shall call a sequence u non-repeating if for al i, u; # u;—1. We shal call a
sequence u compressed if for al i, both u; # u;—1 and u; # u;_». Often, we shall
not beinterested in the starting index of afinite sequence, and so we consider finite
sequencesto bewordsus . . . u,, i.e., ordered n-tuples of colors.

In the percolation process, we can assume that the sequences x and y are non-
repeating, since for example if x; = x;_1, we can delete the column i without
affecting the survivability of the other vertices. To delete column i, ssimply delete
al edgesbetween (i — 1, j) and (i, j) in any traversabletrail and identify columns
i andi — 1. Conversely, to reinstate column i, add in an edge between (i — 1, j)
and (i, j) whenever thetrail crosses between columnsi — 1andi + 1. Similarly if
y; = yj—1 We can delete row j. Unfortunately, this process of deleting rows and
columns may destroy the translation invariance of the distributions of x and y, so
in most of what follows we shall not assume the sequences are non-repeating.

Lemma 1. If the sequence x is compressed, then every open site survives.

Proof. Supposewe have constructed atraversable path to (i, j). We shall construct
a path up to the next row. If (i, j + 1) is open then extend the path to this site.
Otherwise, x;—1 # x;4+1 and either (i — 1, j) or (i + 1, j) isopen. Without loss of
generality assume that (i + 1, j) is open. Now since x; # x;41 and (i, j + 1) is
blocked, (i + 1, j + 1) must be open. We can therefore move right one step and up
one step to get there. Repeating this process we can reach at least one site in every
row above our initial row. O

Note that we made no assumption about the sequence y in thislemma, however
by symmetry, the result also holdsiif y is compressed and x is arbitrary.

For a finite sequence (word) u = u1...u,, let its compression A(u) be the
word defined inductively by A(u1) = ug andif A(u1...u,) =az1...as then

ai...d if uyy1 = as,
Ar...upy1) =3 a1...as-1, if upy1 =as_1ands > 1, (0]
ai...asur+1, Otherwise.

Let a and b be two colors. An aa-compression of aword u is aword obtained by
replacing some occurrence of aa in u with a. An aba-compression of u isaword
obtained by replacing some occurrence of aba inu with a. A simple compression
will be any compression of either of these types. If u is a sequence, define u* to
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bethereverse of u, i.e, (u*); = u_;. If u and v are finite sequences, let uv be the
sequence obtained by appending v to u. For finite sequences u, write |u| for the
length of u. Notein particular that |A(u)| < |u].

Starting with aword u and repeatedly applying simple compressions, we even-
tually arriveat acompressed word, i.e., onethat hasno further simple compressions.
As the lemma below shows, no matter in which order we apply simple compres-
sions, the resulting compressed word is precisely A (u).

Lemma 2. For every (finite) word u,

1. theword A(u) is compressed,

2. uiscompressed if and only if A(u) = u,

3. if u’ is any sequence obtained from u by a simple compression then A (1) =
Au),

4. A(u) can be obtained from u by a finite number of simple compressions,

5. A(u*) = A(u)*.

Proof.

1. Isclear from the definition of A(u).

2. By 1, it is enough to prove that if u is compressed then A(#) = u. This fol-
lows by induction, sinceif A(u1...us) = u1...us; and ugy1 # uy, us—1 then
A ... Ugy1) = U1 ... Ugt].

3. Say u = vaaw or vabaw andu’ = vaw for somewordsv and w. Itisenoughto
show A(vaa) = A(vaba) = A(va), sincethen by construction, A(u) = A(u’).
Now A (u) always starts and finishes with the same colors as u, so we can as-
sume A(va) = sa for someword s and A(vaa) = sa = A(va). If s endsin b
then A(vab) = s and A(vaba) = sa = A(va) (s doesnot end inab by part 1).
Otherwise A(vab) = sab and A(vaba) = sa = A(va).

4. If u is not compressed then for some i, u; = u;_1 Or u; = u;_». Therefore,
there exists an aa-compression or aba-compression for somea and b. By 3, we
can replace u by such a compression. Using part 2 and induction on the length
of u givesthe result.

5. Simple compressions are symmetric in the sensethat if ' isasimple compres-
sionof u then (u")* isasimplecompression of *. Hence, using part 4, A (u)* can
be obtained from u* by a sequence of simple compressions. Part 3 now implies
AWw*) = A(A(u)*). However, since A (u)* iscompressed, A(A(u)*) = A(u)*.

O

Our next aim isto prove the triangle inequality for compressions of concatena-
tions.

Lemma 3. If u and v are two finite sequences then
AW =AW = [A(v)| < [A@W)] + [AW)].

Proof. We can reduce u and v to A(u) and A(v) by sequences of simple com-
pressions, so we can reduce uv to A(u)A(v) by the same. By part 3 of Lemma 2,
A(Aw)A(v)) = A(uv), and so

[A(uv)| = [A(A@)AW))| < [AW)A@)| = |[A)| + |A)]. @)
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From the construction of A(u), we see that adding a single color to u can
decrease |A(u)| by at most one. Hence

[A(uv)| = [A(A@)AW)| = [A(AW)| — [A@)| = |[A@)| — [A)].  (3)

Finaly, by reversing the sequences u and v we have
[A@v)| = [A@v)*| = [AQ@*u™)| = [AQ")] = [AWD)] = [A@)| = [A@)]. (4)
O

We shall now generalise Lemma 1 to non-compressed sequences x. Thisisthe
crucia step in our argument since it gives us a simple criterion which guarantees
the survival of many sites in our percolation. First we need a couple of technical
lemmas.

Lemma4. Assumei, ..., i, iSa sequence of integers with |i; — i;11| < 1 for
1<t <randn =iy <i, = m.Ifx isasequenceof colorsthen A(x;, x;, ... x;, ) =
A(XpXp41 - - - X)) provided both are defined.

Proof. Viewingis ... i, asasequenceof colors(inZ), itisenoughto show that there
exists a sequence of simple compressions of i1 ... i, whichgivesn,n+ 1, ..., m.
This is because we can apply x,x, and x,xpx,-compressions to x;, ...x; which
correspond to the aa and aba-compressionsoniy, ..., i,. Theresult will then fol-
low by part 3of Lemma2. Consider A(i1...i,) = ay...a,. Fromthe construction
of aj .. .as, weseethat every consecutive pair a;a, 41 isapair iy i1 of theorigina
sequence. Since a; # a;+1, thisimplies |a;, — a;+1] = 1. Now, if @, — a;41 = 1,
say, and a,4+1 — a2 = —1thena, 2 = a, contradicting part 1 of LemmaZ2. Hence
a; — a1 = cisaconstant, c = £1. Nowa; = n <m = a,,0 ¢ = 1 and

ai...ag=n,n+1, ...,m.Sinceay...a, isobtainedfromiy ..., by asequence
of simple compressions, we are done. O

Lemmab. Let y beany sequence and assume j is any fixed value for which y; is
defined. If none of the sites (i, j) withn < i < m survive, andif thesites(n — 1, j)
and (m + 1, j) dosurvive, then A(x, ... x,) = y;.

Proof. Consider theset S of all sitesthat do not surviveand let C be the connected
component of S that contains the sites (i, j) withn < i < m. By connected, we
mean connected by paths which travel distance 1 at each step (connected by edges
rather than diagonals). Let B be the boundary of C. |.e, B consists of sitesof C that
aredistance 1 from pointsnot in C. The sites of B are clearly blocked and B must
be at least diagonally connected (connected by pathsthat travel at most +/2 at each
step). Also (n, j), (m, j) € B, so there must be atrail (i1, j1),..., (i, j-) With
(is, js) € B, (i1, j1) = (=, j), Gr, jr) = (m, j) and |is — is41l, [js — js+1l < 1.
Using Lemma4 and noting that x;, = y;, (since sitesin B are blocked), we get

AQXpXnt1 .. Xm) = AXigXig - - Xi,) = AQYjYjs - - ¥j) = A(yj) = yj. ©)

m}
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Now we give the key result we need. Recall from the introduction that if x; is
not defined then any site (i, j) is automatically open, so escaping from a certain
vertical strip is sufficient for survival in Theorem 6.

Theorem 6. Let y beany sequenceand let x be any finite sequence x = x,, ... x;,.
Then in each row j where y; is defined, there are at least r; sites (i, j) with
n < i < m whichsurvive, wherer; isthe number of termsin A(x) not equal to y;.

Proof. By Lemma 5, there are simple compressions that reduce x to a sequence
x" in which each block of sites that does not survive in row j has been replaced
with asingle color y;. The number of sitesthat do surviveisjust the number of the
remaining termsin x’. In particular, it is at least as large as the number of termsin
A(x") = A(x) that do not equal y;, since any further simple compressions of x’
can only decrease this number. O

Corollary 7. If x = x,...x, isfinite, then in each row j there are at least
131A(x)|] sites (i, j) withn < i < m which survive.

Proof. The sequence A(x) is compressed, so each three successive terms must be
distinct and so at most onein every three can be equal to y;. O

3. Theheight function

So far everything we have done has been deterministic. It is now timeto introduce
randomness into the picture. Let u be a doubly infinite random sequence drawn
from adistribution 1,,. We shall make the following assumption:

Hypothesis A: The distribution w,, of u istrangation invariant and the set
S1={(n,m):n<0<mand|A(u, ...uy)| =1}
isfinite with probability 1.

Our aim shall beto extend Corollary 7 to infinite sequences x, but in order to do
this we shall need an analogue of the length of a compressed sequence for infinite
SequUences x.

Lemma8. If i < j <land|A(u;...u;)| < |A(u;...up)| for al k with j <
k < 1then

[AGj...u)| =AW ...up)| —|A@;...u;)|+ 1

Proof. Let A(u;...uj) = suj = sA(u;) for some word s. By considering the
construction of A(u), we see that aslong as [A(u; ... ux)| = |A(u;...u;)|, the
word A(u; . .. uy) will start with theword su ; and the construction of A(u; ... ux)
will follow that of A(u; ...ux) With Au; ... ux) = sA(u;j ... ux) for each k with
j <k <. Putting k = [ and taking the length of both sides givestheresult. 0O

Lemma 9. Under Hypothesis A and for any fixed n, as m tends to infinity both
|A(upttns1 ... uy)| and |[A(uuu,—1. .. u_y)| tendtoinfinity almost surely.
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Proof. Assume otherwiseandlet L = liminf,, o |[A(uy,, ...u,)| SOthat L < oo
with positive probability. If L < oo, define mg to be any value of m such that
|A(uy ... umg)l = Land |A(uy, . ..up)| = Lforadlm > mg (with equality for infi-
nitely many m). If L = oo definemg arbitrarily. By Lemmas, |A(upg . . . um)| = 1
for infinitely many values of m > mg when L < oo. Hence there is at least
one value ¢ € Z such that, with positive probability, mo = ¢ — 1 and the set
{(n,m) :n <c<mand|A(uy,...u,)| = 1} isinfinite. Using trandlation invari-
ance, theset {(n,m) : n < 0 < mand|A(u, ...u,)| = 1} is then infinite with
positive probability contradicting Hypothesis A. The case of |A(upuy—1...u—_p)]
follows from the first part by considering the reversed sequence. O

Now define the height function & = h,, of a sequence u by
hy (i) = ,,'L”JOGA(”*" s i) = [AQU—p ... u0)]), (6)
whenever thislimit exists. When £, is defined, we have
[AQjtr.. . ui)l = hy (@) —hy(j) = n'LrQOUA(”—n coott)] = [AGu_p . ..up)]). (7)
Lemma 10. Under Hypothesis A, 4, (i) exists almost surely.

Proof. Assumefirstthati > 0.Since|A(ug...u_,)| — oo, thereexistsan N such
that for n > N thislengthisat least i 4+ 1. From the construction of the sequence
A(u), weseethat thefirsti + 1 termsof A(ug...u—,) = agas . .. are independent
of nforn > N. Therefore, foranyn > N, A(u—, ...ug) endsinag; . ..ag by part 5
of Lemma 2. Looking at the construction of A(u_, ... u;), the choices of when to
add or removetermsgoingfrom A(u—,, ... ug) to A(u—_, . .. u;) candepend only on
thelasti + 1termsof A(u_, ...ug). Therefore |[A(u_p ... u;)| — |A(u_, ...uo)|
isindependent of n for n > N, implying the result.

For i < O0theargument issimilar: wejust interchange i and 0 and use the fact
that |A(u; ...u_,)| — coasn — oo. O

Define the random variable o, = lim,— o0 £, (1) /n When this limit exists.

Lemma 11. Under Hypothesis A, therandomvariablec,, exists, isstrictly positive
and isequal to the limit lim, o0 2| A(uz ... u,)| almost surely.

Proof.

1. Existence.

Define f(u) = h, () = h, (1) — h,(0) and define the transformation T by
(Tu); = u;41. By trandation invariance of the distribution, T is a measure pre-
serving transformation and f isan L1 function. Also f(T"u) = h,(r +1) — hu(r),
SO hy(n) = fu) + f(Tu) 4+ --- 4+ f(T" 1u). By Birkhoff’s Theorem (see [4]
or [13]) hu(n)/n = (f) + f(Tu) + -+ T w)/n — E(f@w)|.7) a-
most surely, where .# is the o-field of T-invariant events. Noting that the same
argument applies to h,(—n)/n with T replaced by 71, and that the T-invari-
ant events are precisely the same as the 7~ 1-invariant events, the limit exists as
required.
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2. Strictly positive.

Assumethat ,, < 0with positive probability. By conditioning ontheeventa, < 0,
we can assume it holds with probability 1. Since the definition of «,, istrandation
invariant, Hypothesis A will still hold. Now use Lemma 9 and definen, for L > 0
so that |A(ug...u—p,)| = L+ 1and [A(ug...u—p)| = L+ 1fordln > ny.
Using Lemma 8 and part 5 of Lemma 2,

[A—p ... u—p,)| — |AQ—p ... u0)l =1—|A(u—y, ...ug)l=—L (8)

foraln > ny andhenceh,(—n;) = —L.Ifthereexistsanm; > Owithh, (m) =
—L,thenthereexistn, m > Owithh,(—n) = h,(m) = —L,suchthath, (i) > —L
for all —n < i < m. Using Lemma 8, and the definition of #,, we then get
|[A(u—y, ...uy)| = 1. Sincethis can happen for only finitely many pairs (m, n), the
set {h, (m) : m > 0} must be bounded below.

Let A; bethe event that 2, (j) > h, (i) foradl j > i. Since {h,(m) : m > 0}
is bounded below but {4, (—n) : n > 0} is not, there exists some i for which A;
occurs. By trandation invariance, A;’s occur for al i with the same probability p,
which must be positive since some A; do occur. If A;, occurs, then i, (i1) — hy (io)
is at least as big as the number of A;sthat occur with ig < i < i1, S0 one has for
any0O< K <r,

,
hy(r) = max(—r, > 1x —inf{li| : =K <i < K, A; occurs });
i-1

from which we can deduce that E(h,(r)/r) = p — K/r — 2P((\_g i~k A9).
Letting r — oo then K — oo we see that liminf,_ o E(h,(r)/r) > p > O.
However, h, (r)/r is bounded (by +1) and tends to «,, < 0 amost surely. Hence
liminf E(h, (r)/r) < 0. Thisisacontradiction, so the assumption on «,, was false
and o, > 0 amost surely.

3. Since hy, (r) — oo amost surely, there exists some i such that 4, (j) > h, (i)
for dl j > i. The definition of &, together with Lemma 8 then implies that
|A(u; ...uj)| = h,(j) — h, (@) +1fordl j > i. The triangle inequality then
gives||A(uy...uj)| —h,(j)| < il + |h, ()| + 1 and the result follows. O

Corollary 12. If x satisfies Hypothesis A, then the percolation survives from the
origin with probability at least $E(a) > O.

Proof. Forany ¢ > 0, wecanfindan N suchthatforaln > N
[A(X—pt1---Xn)| = hy(n) — hy(—n) > 2n(ay — €). ©

The number of sites between (—n + 1, 0) and (n, 0) that survive adistance at | east
en isat least the number of sites (i, 0) with |i| < (1 — €)n which escape from the
box (—n, n] x (—n, n]. By Corollary 7 thisnumber isat |east %(Zn(ax —€)) — 2¢n.
Excepting a set of measure €, we can take N above to be non-random. By transla-
tion invariance, thisimplies the probability of any site surviving a distance at least
eNisatleastE (%(ax —€) — e) — €. Letting N tend to infinity and e tend to zero
givesthe result. O
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Theorem 13. If x isa symmetric randomwalk on k > 4 colors, then the percola-
tion survives from the origin with probability at least 72.

Proof. We can assume that x has no repetitions. The construction of A(x, ... x,)
shows that each time we increase m by one, thelength of A(x,, ... x,,) growsby 1
with probability at least ’,z;_i and shrinksby 1 with probability at most le1 Ifk > 4,
thisimpliesthat |A(x, ... x;)| can be bounded below by arandom walk with pos-
itive drift i%f asm increases. The probability that |A(x, ... x,)| = listherefore
bounded above by a decreasing exponential inm — n (see Appendix A) and the set
{m,m) :n<0<mand|A(u, ...u,)| = 1} istherefore finite with probability 1
(see proof of Lemma 16). Hypothesis A now holds, and o, > ’,j%f by Lemma 11
(and in fact equality holds). The result now follows asin Corollary 12. We have

replaced the £ by 7t sincein Corollary 7, each color is equally probable at each
pointin A(x, ...x;), SO the probability of aterm being equal to yg isonly % O

Once again, note that these results areindependent of thevaluesof y; for j # 0
and require only that yo be independent of x.

It is clear that the probability of survival in Theorem 13 is at most ’%1 since
thisisjust the probability of the origin being open. Thus the probability of survival
lies between 22 and 4. Numerical simulations for k = 4 and both x and y
symmetric random walks on k colors suggest that the true value for the survival

probability in this case is much closer to 42 than 2.
4. Markov chains

Assume that u is a doubly infinite sequence drawn from a trandation invariant
distribution w,,. Since w,, istrangdlation invariant, we can define probabilities p, =
P(u; = a) and pyp = P(ujy1 = b|u; = a) independently of the index i. Define
the graph G = G, of u, by letting V(G) = {a : p, > 0} bethe set of colors that
can occur and E(G) = {ab : either p,, > 00r pp, > O}

Lemma 14. If u, and u, areindependent translation invariant distributions and
Gy # G, then the origin survives with positive probability.

Proof. Without loss of generdity, we can assume p = p,pa» > 0in py but
PaPab = PpPba = 0in u, for some colors a and b. Assume first that xg # a.
With probability p, yo = a and y1 = b, and there is an infinite open path starting
at the origin going to theright along rows 0 and 1. (E.g., if wereach (i, 0) say, then
either (i +1,0) isopenor x;41 = a, x; # a,bandsoboth (i, 1) and (i + 1, 1) are
open and we can always get to the next column). Similarly if xo = a,theny_1 =a
and yo = b with probability p. In al cases, the origin survives with probability at
least p. O

From now on, assume the distribution of the sequence x isgiven by an ergodic
Markov chain. The probability p,, isnow just thetransition probability from statea
to state b. By an ergodic Markov chain, we mean that for each pair of statesa and b,
thereisapositive probability of reaching b from a after some number of steps. |.e.,
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there is asequence of states ay, ..., a, Witha = a3, b = a, and p,.,, > Ofor
1 < s < r. Thisimpliesthat thereis a unique stationary distribution and allows us
to definethechain x; forall i < 0.

A traversable cycle of G = G, isacycleag,...,a, = ap of G in which
either pya,,, > Oforals = 0,...,r — 1 or for which p, ., > 0 for al
s=0,...,r—1.l.e, atraversable cycleisacycle of states, at least one of whose

two orientations could occur in the sequence x. A cyclein G is called unbiased
if [y Pasassr = [l Pas 1as 1-€., the cycle occurs in x with the same probability
asitsreversal. A cycleisbiased if it is not unbiased. Clearly, any biased cycleis
traversable.

Let 71(G, a) be the fundamental group of G based a a € V(G). The fun-
damental group 1(G, a) can be represented as the group generated by possible
finite subsequences u of x starting and ending with ¢ modulo homotopy. It is clear
that simple compressions are homotopies, so A(u) and u represent the same ele-
ment of 71(G, a). Infact, the converseistrue: u and v represent the same element
of 71(G, a) precisely when A(u) = A(v). Composition in the group is given by
concatenation of sequences.

We shall consider random walks on H = 71(G, a). Let d; be i.i.d. random
variableswith valuesin H, and definearandomwalk w;, ¢ € Z by setting wo equal
to the identity element 15 of H and defining for al ¢, w;y1 = w;d; € H. This
gives us two random walks {w; : ¢t > 0} and {w_, : t > 0} starting at the identity
of H. We cal w, abidirectional random walk. If H = Z, we say the walk has a
drift if P(d; = d) is bounded by a decreasing exponential in |d| and E(d;) # 0
where d; is considered as an element of Z.

The sequence x givesriseto abidirectiona randomwalk asfollows. Let xg = a
and define i;, r € Z, to be the indices of the occurrences of a in x. l.e., ig = 0,
iy < ipy1, %, =aandx; = a impliesi = i, for some¢. Since finite ergodic Mar-
kov chains are recurrent, with probability 1 there are an infinite number of i with
x; = a and so i; isdefined for all + € Z. Define d; to be the element of 71(G, a)
represented by the sequence x;, .. . x;,,,. Since x isaMarkov chain, thed; arei.i.d.
random variables.

Lemma 15. If G contains precisely one cycle then the bidirectional random walk
on 1(G, a) defined above has a drift if and only if the cycle is biased.

Proof. If there is only one cycle then 71(G, a) = Z. Assume the generator of
71(G, a) corresponding to 1 € Z isrepresented by aloop u = ug. .. u, based at
uo = u, = a. Thisloop is contractible to the unique cycle. Let py = []; pu,u,.,
and p_ =[] pu,,1u,- We can assume at least one of p,. and p_ is non-zero. (If
the cycle is not traversable then the random walk is constant). The ratio of p4 to
p— isunchanged if we contract u, since thisjust corresponds to removing identical
factors of the form pg,pra OF pas from both products. (Recall that contracting
corresponds to simple compressions). Therefore p. = p_ if and only if the cycle
isunbiased. Without loss of generality, assume p_ > p... The probability of 1oop-
ing round the cycle n times without hitting « decreases exponentialy with » (by
standard properties of finite Markov chains) so we need only check the expectation
E(d;). Assume there is a positive probability p, = [, pv,v,., Of Obtaining aloop
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v=g...v, representingn € Z.Let p,« bethe probability of obtainingthereverse
of v. Contracting v and v* by simple compressions does not change theratio of p,
to py*, SO py+/ py iSthe same as that for n copies of u. l.e., py«/py = (p—/p+)".
If p_ = p4 then p,» = p, and the probability that d; = n is the same as that
ford; = —n. If p_ > p4 then the probability that d; = n > 0 isless than or
equal to the probability that d; = —n (and strictly lessin the case when n = 1 by
considering the case v = u). Hence E(d;) = 0 if and only if the cycleis unbiased.

O

A bidirectiona walk w, will be called doubly transient if the set S1 = {(n, m) :
n <0< mandw, = w,} isfinitewith probability 1. Thisis astronger condition
than requiring both {w, : ¢t > 0} and {w_; : t > 0} to betransient. If x, y € H, we
say x and y are independent if x” # y™ for al (n, m) € 72\ (0, 0). The funda-
mental group 71(G, a) isafree group (see[12], Theorem 3.3.13) and we shall use
the following fact about such random walks on free groups.

Lemma 16. Let H be afree group and wy, t € Z a bidirectional randomwalk as
above. If d; can take on at least two independent values, or if H = 7 and w, hasa
drift then w is doubly transient.

Proof. In both cases, the probability P(w;4, = w;) = P(w, = 1g) is bounded
above by A" for some constant . < 1 (see Appendix A). Therefore

E(Sih = Y Pwy=wn) < Y A" " =22/1-21)2<c0. (10)

n<0<m n<0<m

Hence, S1 isfinite almost surely. O

Corollary 17. If u, is an ergodic Markov chain and G, contains at least two
traversable cycles or G, contains only one cycle and this cycle is biased, then x
satisfies Hypothesis A.

Proof. Firstweshall show the bidirectional randomwalk defined above satisfiesthe
conditions of Lemma 16. If there are at |east two traversable cycles, then 71 (G, a)
has free rank at least two, and there are at least two independent elements of this
group that can occur as increments d; in the random walk. On the other hand, if
G has precisely one cycle which is biased, then the random walk is on Z and has
a drift by Lemma 15. We now know that the walk is doubly transitive by Lem-
ma 16. Assume Hypothesis A fails. Since u, istrandation invariant, this implies
that theset {(n,m) :n < 0 < mand |A(u, ...u,)| = 1} isinfinite with positive
probability. In particular, there must be some color a such that |A(uy, ... u,)| =1
and A(uy ...u,) = a occurs for infinitely many (n, m) with positive probability.
Conditioning on this, there must be somec € Zwithu, = aandn < ¢ < m
for infinitely many (n, m) with positive probability. By tranglation invariance we
may assume ¢ = 0 and a = ug. For these pairs (n, m), u,, .. .u,, represents the
identity in 1 (G, a). However, u,, . . . u,, alsorepresentsd, ...ds;_1 wheren = i,,
m=ig, 0w twy =d,...d;_1 = 1and w, = wy. Since w is doubly transient,
this can occur for only finitely many pairs (n, m) withn < 0 < m, so there can be
only finitely many pairs (n, m) with |[A(u,, ... u,,)| = landu, = u,, = ug =a
contradicting our assumption. O
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By Corollary 12, the origin survives with positive probability in these cases. It
remainsto investigate the caseswhen G, isnot of these forms. We shall do this by
eliminating colors from the percolation.

5. Eliminating colors

If x and y are two sequencesand a isacolor, we can consider the percolation given
by the sequences x’ and y’ obtained by removing all occurrences of the color a
from both sequences. If x is given by aMarkov chain as above, then soisx’. The
new transition probabilities are

Pij = Pij + PiaPaj/ (1= paa), i, ] # a. (11)

To beprecisewe need to be careful about theindicesof x’ relativeto x. Thesimplest
way of doing thisisto condition on the event xo # a and then make x, correspond
to xg. The distribution of x6 isthen the stationary distribution for the new Markov
chain and the process is translation invariant.

Lemma 18. If xg, yo # a and the origin survivesin the percolation process given
by x” and y’ then it survives in the process given by x and y.

Proof. Take aninfinitetrail inthe (x’, y') percolation. At each step of the trail, an
edge either corresponds to an edge in the original, or crossesarow withy; = a a
apoint where x; # a or crosses a column with x; = a at apoint where y; # a.
In each case, the trail can be followed in the (x, y) percolation through unblocked
sites. O

Using Lemma 18 together with Corollary 17 we can deduce the survivability
of percolationsfor amost al G,. Ann-star isthegraph onn + 1 verticesay, . . . a,
with edges aga; for al 1 < i < n; the vertex ag isthe center of the star. Define an
lollipop to be the graph on by, . . ., b, obtained by adding a single vertex bg and a
single edge boby to acyclebs, ..., b,. We shall call an edge ab of G, two-way if
both p,; and py, are non-zero, otherwise we shall cal it one-way.

ar as b3g. .. b,_1
7 b2 by
al bo

A 3-star. A lollipop.

Lemmal9. If G = G, isnot apath, a 3-star or a (traversable) cycle then we can
remove colors as above so as to make G either have two traversable cycles or be
equal to a lollipop (with its cycle traversable).
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Proof. Firstassume G containsaone-way edgeab with p,, = 0(and so pp, > 0).
Sincethe Markov chainisergodic, b isaccessiblefrom a and thereisapath P from
a to b with all transition probabilities non-zero in the forward direction. Adding
the edge ba gives atraversable cycle.

If G isatreethenit cannot have atraversable cycle and hence all the edges must
be two-way. If G is not a path then there must be a vertex « with degreed > 3.
Removing a gives agraph in which any two of the d neighbors of a are joined by a
two-way edge, sinceif b, c are neigbors of a then p, . > ppa pac > 0by (11). The
resulting graph has at least one cycle (since it contains K, for somed > 3), but is
not equal to acycle unless G isa 3-star.

We can now assume G hasacycle. Either al the edgesin the cycle aretwo-way,
or there is a one-way edge. In either case G has atraversable cycle C. If C isthe
only cycleof G and G # C then G contains more vertices than C. In this case we
can remove each vertex of V(G) \ V(C) in turn except one. The resulting graph
G’ isconnected, so must contain alollipop with traversable cycle C. If G’ contains
any more edges then it has two cycles otherwise G’ is precisely alollipop.

Finally, assume G hastwo cycles. We shall show that it has two traversable cy-
cles. Wealready know that it hasonetraversablecycle C, say. Now let C’ be another
cycle. If any edgesof E(C") \ E(C) are one-way we get atraversable cycleinclud-
ing this edge, which is therefore not C. Otherwise all the edges of E(C’) \ E(C)
aretwo-way. If E(C")N E(C) = @, then C’ istraversable. Otherwise C’ containsa
path P, digoint from C, which goes from one vertex a of C to another vertex b of
C. Combining this (two-way) path, with apath froma to b in C givesatraversable
cycle not equal to C. In all cases, we have at |east two traversable cyclesin G and
the result is proved. O

We shall now deal with the casewhen G = G, isalollipop. Label the vertices
of thecycleof G as 1, ..., n and let the remaining vertex be a and the remaining
edgebeal. If u = ug...u, isasequence of colorsin the cycle (so u; # a) with
u, = ug = 1, define the lifted sequence of integersu; by

g =ug=1, i1 —uil <1 and u; =u; modn. (12

Note that n, = (u, — Up)/n gives an integer representing the class of aua in
m1(G,a) = 7.

Lemma 20. Let x = aua and y = ava be words whose transitions arein G and
whose subwords # and v do not contain a. If |n,| # |n,| and n,,, n,, # 0 then any
two vertices in the interior of any two sides of the rectangle of sites of x x y are
connected by a traversable trail lying within thisrectangle. If n, = Oandn, # 0
then the same is true of any two vertices in the interior of the left or right hand
sides of the rectangle.

Proof. Letu = ug...u, andv = vg...v, and define h(i, j) = u; — ;. The site
(i, j) isblocked if and only if 4(i, j) = Omodn. Also thevalue of (i, j) changes
by at most 1 for every stepini or j. Pick any vertex in the interior of one of the
sidesof x x y. Let C bethe connected component of sitesin thisrectangle that can
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be reached from this vertex by atraversable trail within x x y. If C contains any
vertex from aside of x x y then it contains al vertices in the interior of this side
since all these vertices are connected and open. If C does not consist of all open
sites of x x y, there must be a path of blocked sites crossing the rectangle. This
path must start and end at two of the corners of the rectangle and go a distance at
most +/2 at each step. Thevalue of A(i, j) along thispathisdivisibleby n > 3 and
changes by at most two at each step. Hence, A (i, j) is a constant along the path.
Therefore two of the values 4(0, 0), (0, s), h(r, 0) and k(r, s) must be the same.
But #(0,0) =0, (0, s) = nny, h(r,0) = nn, and h(r, s) = n(n, + n,) so either
|ny| = |ny| or nyn, = 0. Findly, if n, = 0, n, # 0 then the path cannot connect
the top and bottom of the rectangle, and so the left and right sides must still be
connected. O

Lemma 21. If u, istrandation invariant, u, a Markov chain independent of
and G, isalollipop, then the origin survives with positive probability.

Proof. The sequences x and y can bewrittenintheform...auPau@auVa . ..
and ...avPav@aqvWq . .. for some sequences of words «® and v/) not con-
taining a. Since we can assume by Lemma 14 that G, = G, al u') and v
start and end at vertex 1 and have all transitionsinthecycle 1, ..., n. Writex! =
min(|n, |, 4), y;. = min(|n, |, 4), where the colors are now considered as ele-
ments of {0, 1,2, 3, 4}. The terms x/ are i.i.d. random variables that can take on
each of these five values with positive probability. Suppose there existsatrail P in
the percolation defined by x; and y}, that passes only through sites with x/ # y}
and that is also restricted to go only horizontally in or out of any sitewherex/ = 0
and vertically in or out of any site where y’, = 0. We can construct a traversable
trail in the original percolation in the following manner. Each time P crosses an
edge in Z?2, pick a vertex in the interior of the corresponding side of a rectangle
auPa x avVa. By Lemma 20, these vertices can be connected by traversable
trails. Finally, it follows that, with positive probability, such a P exists. Let x;" and
y;/ be the sequences x/ and y’, with all zeros removed. The sequence x” is given by
aMarkov chain with graph K4 (which has two traversable cycles) so we obtain a
trail inthe (x/', y;.’) process by Corollary 17. Lifting thisto the (x;, y//) processin
the manner of Lemma 18 gives a P with the required property. ' O

Theorem 22. If u, istranslation invariant and if 1, isan ergodic Markov chain,
independent of 1., with graph G, not equal to a path, an unbiased cycle or a 3-star,
then the origin survives with positive probability.

Proof. Immediate from Lemma 19, Lemma 18, Corollary 17, Corollary 12 and
Lemma 21. O

Finally, we note that if G, = G, is a3-star with color a as the center, then
the sequences x and y alternate between a and the other three colors. It isasim-
ple exercise to see that removing the color a« does not affect whether or not the
origin survives with positive probability. Also removing a from x gives aMarkov
chain with an unbiased 3-cycle for its graph. We are now left with the cases when
G = G, isan unbiased cycle or a path.
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6. Markov chains on unbiased cycles

Assume u is a doubly infinite sequence with transitions u;u; 1 lying in the cycle
1, ..., k. Define alifted sequence u of integers by

g = ug, i1 —u;l <1 and u; =u; modk. (13)

This defines a unique doubly infinite sequence . For two such sequences x and y,
defineh(i, j) = X; —y;. Sinceu = umodk, (i, j) isblocked if and only if 2 (i, j)
isdivisibleby k. Also, (i, j) variesby at most 1 along each step of any traversable
path, so its value cannot cross a multiple of k. In particular, the points (i, j) that
can be reached from the origin must have |4 (i, j)| < k.

If u is given by a Markov chain on an unbiased cycle G, then u will look
something like a symmetric random walk on Z. Unfortunately, it is not quite such
awalk since p; ;1 and p;;—1 depend on i modulo k. However, we know from
Lemma 15 that the corresponding walk on 71 (G) isatrue symmetric random walk.
Hence, on a sufficiently large scale 7 will look like a symmetric random walk.

Lemma 23. If there exists constants iy < 0 < i2, j1 < 0 < jp with X, X, >
max,<j<j, yj +kandyj, ¥, < min, ., X; — k then the percolation does not
survive.

Proof. Note that 4(i, j) > k on al the vertices on the boundary of the rectan-
glewith corners (i1, ja), (i2, j1), (i2, j2) and (i1, j2). None of these points can be
reached from the origin, and so no traversable path can leave the rectangle. O

Corollary 24. If u, and u, are independent Markov chains with G, = G, an
unbiased cyclel, ..., k, then with probability 1 the origin does not survive.

Proof. For suchx and y, X and y will beindependent random walkson Z. We shall
verify that the conditions of Lemma 23 hold. Pick any values for i1, i2, j1 and jo.
Assume we are given thevalues of X, y for i1 <i < iz, j1 < j < jo. Define

R = [max( max [|x;|, max [y;|,k)/k]. (14)

11=I=i2 J1SI=)2

There is a positive probability (in fact exactly %) of a symmetric random walk
starting at O hitting +4R before hitting — R, bounded below independently of R.
Therefore, there is the same probability of X; increasing by 4Rk before decreasing
by Rk, since achange of k corresponds to one step in the random walk on 1 (G).
So thereisapositive probability (at least 5~*) bounded below independently of the

valuesof x; and y; iniy <i <izand j; < j < jp of finding i}, ..., j, with
i] <i1<i2<iy, ~l~/1 = )’Zié > 3Rk, min. Xi > —2Rk,
S ~  ~ R (15)
J1<J1<J2< ]2 Yj; =Yj, = —3Rk, Jmax y; < 2Rk.
J1<i<l

If these conditions hold, the conditions of Lemma 23 apply and the percolation
does not survive. Otherwise start with these new valuesof iy, . . ., j» and repeat the
process. Since there is a probability of success at each stage, bounded away from
zero, we get the result with probability 1. O
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Despite the fact that the percolation does not survive, the average number of
verticesthat can bereached fromtheoriginisinfinite, asthefollowing result shows.

Theorem 25. If u, isa Markov chain with G, an unbiased cycle 1, ..., k, then
thereisac > Osuchthat for all N > 1, the probability of at least N verticesbeing
reached fromthe originis at least cN—%/2.

Proof. Let R = [+/N]. For al sufficiently large N, the probability that X; < —R
foral —2N <i < —N andX; > Rforal N < i < 2N isbounded below by some
c1 > 0independently of N. Assume these conditions hold. Simple compressions
on x correspond to simple compressions on X, and X' is compressed precisely when
it islinear. By the proof of Theorem 6, eachterma in A(X_2y ... Xon) Witha #
yomod k givesriseto asite (i, 0) that escapesthe square[—2N, 2N] x [—2N, 2N]
andhasX; = a.If |a] < Rthen|i| < N, and each sucha occurs (precisely once) in
AG_oy ... X2n). Sothere are at least L’%l(ZR + 1) sites (i, 0) with |i| < N that
survive adistance at least N. Therefore the probability of any one site reaching N
othersisat least clL"T‘l(ZR +1)|/(2N) for sufficiently large N. Hence thereisa
¢ > 0 such that this probability is at least cN~1/2 for all N. O

Asa contrast, we have the following result for paths.

Theorem 26. If u, and 1, areindependent Markov chainswith G, = G, apath
1, ..., k, then the average number of sites reachable fromthe origin isfinite.

Proof. Without loss of generality, assume xo > yo. Since G, = G, is a path,
X=xandy = y.Pickii < 0 < iz suchthat x;;, = x;, = 1andpick j1 <0 < j»2
suchthat y;, = yj, = k. For apoint (i, j) on the boundary of the rectangle with
corners (i1, j1), ..., (i2, jo), €ither x; = 1or y; = k, sox; — y; < 0. Hence
h(i, j) < 0on the vertices of the boundary of this rectangle. But #(0, 0) > 0 and
sok > h(i, j) > Oforal sitesthat can bereached fromtheorigin. Thetotal number
of sitesthat can be reached from the origin istherefore at most (i — i1) (j2 — j1)-
But if we choose thei’s and j’s with smallest absolute value then P(i; = n) and
P(j; = n) are bounded by decreasing exponentialsin || (even after conditioning
on xo > yo). A simple calculation now shows that E((i2 — i1)(j2 — j1)) < 00. O

Appendix A. Random walks on free groups

Let {d; : + > 0} bei.i.d. random variablesin afree group G and let {w, : t > 0}
be a random walk defined by wo = 16 and w41 = w;d;. For g € G, let p, =
P(d; = g). Our aim isto prove the following results.

Theorem 27. If G = Z, E(d;) # 0 and p; is bounded above by a decreasing
exponential in |i| thenthere exists A < 1 with P(w, = 0) < A’.

Proof. Theconditionsonthed, imply that the moment generating function f(6) =

E(e??) existsin someinterval around 0 and f7(0) # 0. Hencethere existsad with
A= f(®) < 0. Now

P(w; = 0) < E™) = (f(0)) =)". (16)

m|
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Theorem 28. If p,, pp > O for some pair a, b of independent elements of G then
thereexists A < 1with P(w; = 15) < A'.

This seemingly obvious result does not appear to have been proved in the lit-
erature, so we give a proof here. This proof is based on the general approach of
Jerrum and Sinclair [9] (see aso [2], Chapter 9).

Define the conductance ® of G by

1
&= inf — ~1ps 17
0<|Ul<oo |U| Z Pgth 0
geU, h¢U

where the infimum is taken over al finite non-empty subsets U of G. Since
Y heg Pn = Ll itisclear that 0 < & < 1. We shall first prove that ® > 0.
Foraset U and an element g € G, denoteby Ug the set {ug : u € U}.

Lemma29. If p,, pp > O for some pair a, b of independent elements of G then
d > 0.

Proof. In the definition of ®, restrict the sum to pairs g, h such that g~ = a
or b. We need to count the number of pairs (g, h) withg e U, h ¢ U andh = ga
or h = gb. Construct adirected graph on G by setting V(G) = G and E(G) equd
to the set of pairs (g, h) withh = ga or h = gb. Since a and b are independent,
the graph is aforest (any cycle would give arelation between a and ). The sub-
graph spanned by U istherefore also aforest and so the number of edges (g, /) with
g, h € Uislessthan|U| (at most oneof (g, ) and (, g) canbean edgeand anundi-
rected forest hasfewer edgesthan vertices). On the other hand, the number of edges
(g, h) withg € U, h € G isprecisely 2|U|. Therefore the number of edges with
geUandh ¢ Uisatleast |U|. Therefore @ > infojy|<co ‘—5||U|p >p>0,
where p = min(py, pp).- O

Replace the random walk w; by a*“Lazy” random walk w; = w ;) defined by
f©) =0and f(t+1) = f(r) or f(t)+ 1 with probability 3 independently of all
d; and other increments of f(¢). Clearly w; isalso arandom walk with transition
probabilitieﬁp/lc = %(1+ p1;) and p, = %pg for g # 1. Itisalso clear that w;
isjust a slowed down version of w,. Let ug,’) = P(w, = g) bethe distribution of
w, at sometime ¢ and define h(r) = Y (u{’)2. We will show that &(r) decreases
exponentially with ¢.

Lemma30. h(r +1) < (L— $)h().
Proof. Letu, = u\ and u), = uffrl). Then

1 1 1
uy, = Sl + > ;Pg”hg*l ) ;pé’(”h + Upg-1). (18)
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Writing 2 (¢ + 1) in terms of u;, and applying Cauchy-Schwarz to the inner sum
gives

1
h(t+1) = Z Z(Z Pg(uh + thfl))z
h 8

IA

1
Z Z pe(up + Uhg—l)z
g.h

1
= 22 pe(20} + 1, ) — (un — upg1)?)
g.h

1
=hn) -3 Y pe-1un — ug)?. (19)
g.h

Inthelast linewe have used ) p, = 1 to get the first term and we replaced g by
g~ th inthe sum. Using Cauchy-Schwarz again, we have

2 2
(O Pl = u2D) " = (D py-lun +ugllun — ugl)
g:h g:h

<Y peunun +ug)? D pryun — ug)?

g.h g.h
= Z pgfth(u% + ui) Z Pg-1p(upn — ug)z
g.h g.h
=4h(t) Y pyy(un — ug). (20)
g.h
Hence, it is enough to show
> pe-wluf — u3l = 2®h (). (21)

g.h

Ordertheg € G asg; withug, > u,, . Thisispossible since ) u, = 1 and so
there are only finitely many g withu, > € for any € > 0. Therefore

2 2 _ 2 2
Zpg*lhmh — gl = Zng’lg[ (g, —ug,)
g.h

J

i<j
2 2
= 22(% o ung) Z pg,flgi
I i<l j>
= 2) g —ug )P (22)
l
=20 ) uf =20h(). (23)
I

We used the definition of ® with U = {g; : i <[} to obtain (22). We aso used the
fact that [u2 . — Oasl — oo to simplify the telescoping series and get (23). O

81+1
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Proof of Theorem 28.

Since h(0) = 1, Lemma 30 implies a(r) < (1 — %2)’. However, (1) > P(w,
16)20P(w, = 1) < (1—%)"/2. Theprobability that f(2¢) = tis2-% (2tf>
1/(2t +1), 50

1 o2,
2t—+1[p(wt =1g) < P(w/zt =1g) < (1 - T) . (24)
Since ® > 0, wehave P(w; = 1) < A’ for some A < 1. O
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