
Repeated degrees in random
uniform hypergraphs

Paul Balister
Department of Mathematical Sciences

The University of Memphis, Tennessee, USA
pbalistr@memphis.edu
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Abstract

We prove that in a random 3-uniform or 4-uniform hypergraph of order n
the probability that some two vertices have the same degree tends to one as
n→∞.

1 Introduction

For r ≥ 2, an r-uniform hypergraph is a pair H = (V,E) consisting of a finite set V ,
called the set of vertices, and a set E of distinct r-element subsets of V , called the set
of edges. The degree of a vertex v ∈ V is dH(v) = |{e ∈ E : v ∈ e}|. The hypergraph
H is called degree irregular if its vertex degrees are all distinct, i.e., dH(v) = dH(u)
implies u = v.

Repeated degrees in graphs (the case r = 2) were discussed in [2] (see also [3]).
The study of degree irregular hypergraphs started with [5]. In [6] it is shown that
there exist degree irregular r-uniform hypergraphs of order n if and only if r ≥ 3
and n ≥ r + 3. Furthermore, it is proved that almost every r-uniform hypergraph
is degree irregular for r ≥ 6 when the edges emerge independently with probability
p = 1/2. Here we discuss the cases r = 3, 4 when the probability p = pn depends
on n.

We show that for r = 3 and 4, a random r-uniform hypergraph of order n has
vertices of the same degree with probability approaching one as n → ∞. The cases
r ≥ 5, where the same is not true, will be discussed in [1] in a slightly more general
setting and using different techniques.

Here we shall use the Central Limit Theorem (actually, the rate of convergence
estimate due to Berry and Esséen), and the second moment method to show that
for r = 3, 4 the values of the vertex degrees are concentrated in a ‘small’ interval of
integers where the repetition of degrees will occur with high probability. In the case of
r = 3 the repetition of a degree is guaranteed by the elementary pigeonhole principle
(see Theorem 5). In the case of r = 4 (see Theorem 13) we apply the birthday paradox
(Lemma 6) which essentially says that if elements are randomly (independently and
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uniformly) selected from an n element set, and the selection is repeated cn
√
n times,

where cn →∞ is any sequence, then the probability of selecting some element more
than once approaches 1 as n→∞ (see [7]).

2 Preliminaries

Consider the probability space of all r-uniform hypergraphs with n (labelled) vertices,
and the edges chosen independently with probability pn depending on n. This space
is referred to as a random r-uniform hypergraph of order n and denoted by Hr(n, pn).
With some abuse of terminology we shall refer to its elementary events as random
r-uniform hypergraphs.

Let SN be the number of successes in N Bernoulli trials with the probability of
success in a single trial equal to pn. Observe that for N =

(
n−1
r−1

)
, SN is the degree of

any fixed vertex in Hr(n, pn). In the sequel we set qn := 1− pn (and q := 1− p).

For the rate of convergence in the Central Limit Theorem we use an estimation
due to Berry and Esséen (see [4] p.542) as follows.

Theorem (Berry-Esséen). Let Z1, Z2, . . . , Zk be independent identically distributed
random variables with mean E[Z1] = 0, variance σ2 = E[Z2

1 ] > 0, and ρ = E[|Z1|3] <
∞. Then ∣∣∣∣∣P

[∑k
i=1 Zi

σ
√
k
≤ x

]
− 1√

2π

∫ x

−∞
e−t

2/2 dt

∣∣∣∣∣ ≤ 3ρ

σ3
√
k
.

For a random hypergraph Hr(n, p) and integer ∆ > 0, let

Z∆ = |{v ∈ V : Np−∆ < d(v) ≤ Np+ ∆}| .

Notice that the concentration of the degrees in the interval of radius ∆ around the
mean Np is described by Z∆/2∆. We shall need two technical lemmas about the
expectations E[Z∆] and E[Z2

∆]. For A, B depending on n, we shall use the notation
A ∼ B provided A/B → 1 as n→∞.

Lemma 1. If ∆→∞ as n→∞, and lim
n→∞

∆/
√
Npnqn = 0, then

E[Z∆]2 ∼ 2∆2(r − 1)!

πnr−3pnqn
.
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Proof. For i = 1, . . . , N , let Zi be the two valued random variable taking on the
value 1 − p = q with probability p = pn, and the value −p with probability q.
Clearly E[Zi] = 0, σ2 = pq, ρ = q3p + p3q ≤ pq, and hence 3ρ/(σ3

√
N) ≤ 3/

√
Npq.

Furthermore, we have
∑N

i=1 Zi = SN −Np. Applying the Berry-Esséen theorem with
Z1, . . . , ZN and x = ±∆/

√
Npq we obtain easily that∣∣∣∣∣P

[
− ∆√

Npq
<
SN −Np√

Npq
≤ ∆√

Npq

]
− 1√

2π

∫ ∆√
Npq

− ∆√
Npq

e−t
2/2 dt

∣∣∣∣∣ ≤ 6√
Npq

,

The assumption lim
n→∞

∆/
√
Npq = 0 implies that

1√
2π

∫ ∆√
Npq

− ∆√
Npq

e−t
2/2 dt ∼ 1√

2π

2∆√
Npq

.

Thus as N ∼ nr−1/(r − 1)! and ∆→∞ we obtain that

E[Z∆] ∼ n · 1√
2π

2∆√
Npq

∼

√
2∆2(r − 1)!

πnr−3pq
, (1)

and the lemma follows.

Lemma 2. If Npn →∞ and Nqn →∞ as n→∞, then

E[Z2
∆] ≤ (1 + o(1))

(
E[Z∆] +

2∆2(r − 1)!

πnr−3pnqn

)
.

Proof. Set A = Npn −∆, B = Npn + ∆, and let V = {v1, . . . , vn} be the vertex set
of the random hypergraph. For 1 ≤ i ≤ n and an integer k ∈ (A,B], define

L
(k)
i =

{
1 if d(vi) = k

0 otherwise.

Let Xi =
∑

k∈(A,B] L
(k)
i be the random variable that is 1 if d(vi) ∈ (A,B] and 0

otherwise, so Z∆ =
∑n

i=1Xi. Thus we have

E[Z2
∆] = E

[
(
∑n

i=1Xi)
2
]

=
n∑
i=1

E[X2
i ] +

∑
1≤i 6=j≤n

E[XiXj]

= E[Z∆] + n(n− 1)E[X1X2] = E[Z∆] + n(n− 1)
∑

k,`∈(A,B]

E[L
(k)
1 L

(`)
2 ]

≤ E[Z∆] + n2(2∆)2 max
k,`∈(A,B]

E[L
(k)
1 L

(`)
2 ] .
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Next we estimate E[L
(k)
1 L

(`)
2 ]. For an integer M , let µ(M, p) denote that value of k

for which
(
M
k

)
pkqM−k is maximal.

Let M =
(
n−2
r−1

)
∼ nr−1

(r−1)!
. The assumptions Npn → ∞ and Nqn → ∞ imply that

µ(M, pn) ∼ Mpn and M − µ(M, pn) ∼ Mqn. Furthermore, by applying Stirling’s
formula we have that(

M

µ(M, pn)

)
pµ(M,pn)
n qM−µ(M,pn)

n ∼ 1√
2πMpnqn

.

Let D(m) be the event that there are exactly m edges containing both v1 and v2.
We obtain

E
[
L

(k)
1 L

(`)
2

]
= P [(d(v1) = k) ∧ (d(v2) = `)]

=
∑

m≤min(k,`)

P [(d(v1) = k) ∧ (d(v2) = `) | D(m)] · P(D(m))

=
∑

m≤min(k,`)

P [(d(v1) = k) | D(m)] · P [(d(v2) = `) | D(m)] · P(D(m))

=
∑

m≤min(k,`)

(
M

k −m

)
pk−mn qM−k+m

n ·
(

M

`−m

)
p`−mn qM−`+mn · P(D(m))

≤
M∑
m=0

[(
M

µ(M, pn)

)
pµ(M,pn)
n qM−µ(M,pn)

n

]2

P(D(m))

=

[(
M

µ(M, pn)

)
pµ(M,pn)
n qM−µ(M,pn)

n

]2

∼ 1

2πMpnqn
∼ (r − 1)!

2πnr−1pnqn
.

3 3-uniform hypergraphs

The full description of the behavior of H3(n, pn) concerning the existence of vertices
of the same degree will be given in Theorem 5. This result will be obtained through
Theorems 3 and 4 that treat particular cases. For r = 3, we have N =

(
n−1

2

)
∼ n2/2.

Theorem 3. If p ∈ (0, 1) and pn → p, then the probability that the random 3-uniform
hypergraph H3(n, pn) has two vertices of the same degree tends to one as n→∞.
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Proof. Let ∆ = dαnne such that ∆ → ∞ and αn → 0 as n → ∞. Because

lim
n→∞

∆/
√
pnqnN =

√
2
pq

lim
n→∞

αn = 0, we may apply Lemma 1. Then E[Z∆] ∼ 2∆√
πpq

and since 1/
√
pq ≥ 2, we obtain that

lim
n→∞

E[Z∆]

2∆
∼ 1
√
πpq
≥ 2√

π
> 1. (2)

Applying Lemma 2 with r = 3, we have E[Z2
∆] ≤ (1 + o(1))4∆2

πpq
∼ E[Z∆]2. As

E[Z2
∆] ≥ E[Z∆]2, we obtain

lim
n→∞

E[Z∆]2

E[Z2
∆]

= 1 . (3)

Let 0 < β < 1−
√
π

2
. By Chebyshev’s inequality (see [?]) and by (3) we obtain

P[|Z∆ − E[Z∆]| ≥ βE[Z∆]] ≤ E[Z2
∆]− E[Z∆]2

β2E[Z∆]2
→ 0 .

Hence

P[Z∆ > (1− β)E[Z∆]] ≥ P[|Z∆ − E[Z∆]| < βE[Z∆]]

= 1− P[|Z∆ − E[Z∆]| ≥ βE[Z∆]]→ 1

follows, and by (2), this implies

P
[
Z∆

2∆
> (1− β)

2√
π

]
→ 1.

As (1−β) 2√
π
> 1, this implies that P[Z∆ > 2∆]→ 1. Hence, with probability tending

to one, some degrees will repeat by the pigeonhole principle.

Theorem 4 below serves to complement Theorem 3 in the proof of Theorem 5. It
will be applied also with r = 4 in the proof of Theorem 13.

Theorem 4. Fix t > 0. If r ≥ 3 and pn = o(n3−r), then the probability that the
random r-uniform hypergraph Hr(n, pn) has more than t vertices of the same degree
tends to one as n→∞.

Proof. Let N =
(
n−1
r−1

)
and p = pn = αnn

3−r, αn → 0. We distinguish two cases

according to the sequence nα
1/2
n .
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Case 1: assume that nα
1/2
n →∞.

Let ∆ = dnα1/4
n e, so ∆ → ∞. We shall use Chebyshev’s inequality in the following

form:

P[|SN −Np| ≥ u] ≤ Npq

u2
for u > 0. (4)

By (4) we have

E[n− Z∆] =
∑
v∈V

P[|d(v)−Np| ≥ ∆] = n · P[|SN −Np| ≥ ∆] ≤ n · Npq
∆2

≤ n · n
r−1(αnn

3−r)

(nα
1/4
n )2

= nα1/2
n .

Then, using Markov’s inequality we obtain P[Z∆ ≤ n − nα1/4
n ] ≤ (nα

1/2
n )/(nα

1/4
n ) =

α
1/4
n → 0, in other words, with probability tending to 1, more than n−nα1/4

n vertices
have degree from an interval of length 2∆ = 2dnα1/4

n e. Since (n−nα1/4
n )/(2nα

1/4
n )→

∞ as n → ∞, the ratio Z∆/2∆ exceeds t. Hence, by the pigeonhole principle, there
exist more than t vertices with the same degree.

Case 2: assume that nα
1/2
n < K for some constant K.

If X is the number of edges of Hr(n, p), then E[X] =
(
n
r

)
p < nrp.

If dk is the number of vertices of degree k, then
∑N

k=0 dk = n. Assuming that
there are not more than t vertices of the same degree, we have the following lower
bound for the number of edges:

X =
1

r

N∑
k=0

kdk ≥
1

r

bn/tc−1∑
k=0

kt =
t

r
· (bn/tc − 1)bn/tc

2
≥ (n− 2t)2

2rt
.

Meanwhile using Markov’s inequality we obtain

P[X ≥ (n− 2t)2/2rt] ≤ nrp

(n− 2t)2/(2rt)
∼ 2rtnαn ≤

2K2rt

n
→ 0.

Therefore the probability that for some k, 0 ≤ k ≤ N , there are more than t vertices
of degree k tends to 1.

Assume now that pn = o(n3−r) and the conclusion of the theorem does not follow.
Then there is an ε > 0, a constant t, and an infinite subsequence n1, n2, . . . such that
for each i the probability that the hypergraph Hr(ni, pni) has more than t vertices



Balister, Bollobás, Lehel, and Morayne: Repeated degrees in hypergraphs8

of the same degree is smaller than 1 − ε. Then we can choose a subsequence (nij)j

for which either nijα
1/2
nij

< K holds, with some constant K, or nijα
1/2
nij
→ ∞. Then,

Case 2 or Case 1 yields a contradiction.

For r = 3 the condition in Theorem 4 becomes pn → 0. Note that, by symmetry,
the conclusion remains true if pn → 1.

Theorem 5. The probability that the random 3-uniform hypergraph of order n has
two vertices of the same degree tends to one as n→∞.

Proof. Let pn ∈ [0, 1], and assume that the conclusion is not true. Then there exists
ε > 0 and an infinite subsequence n1, n2, . . . such that the probability that there
are two vertices of the same degree in H3(ni, pni) is smaller than 1 − ε for every i.
Then choose a convergent subsequence pnij → p. If p ∈ (0, 1), then a contradiction
follows from Theorem 3. If p = 0 or 1, a contradiction follows from Theorem 4 with
r = 3.

4 4-uniform hypergraphs

The general birthday problem, originated in the birthday paradox (see [7]), is as
follows: given t random integers drawn independently and uniformly from the interval
[1, s], what is the probability p(t; s) that at least two integers are the same? It is well-
known and can be checked easily that as t→∞,

p(t; s) = 1−
t−1∏
k=1

(
1− k

s

)
∼ 1− e−(t(t−1))/2s .

This implies the following lemma that will be used in the proof of Theorem 13.

Lemma 6. If t = cs
√
s elements are randomly selected independently and uniformly

from an s element set, where cs →∞ is any sequence, then the probability of selecting
some element more than once tends to one as s→∞.

We shall show that the number of the degree values in a suitable set of ∆ possible
values is much larger than

√
∆, just as required by the birthday paradox. However,

Lemma 6 does not apply directly since the distribution of the degrees of the vertices is
not uniform, and the degrees are not independent. Thus we shall need further results
to be used in the proof of Theorem 13.
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First we deal with the problem of independence. Choose a fixed set S of vertices
with s := |S| = o(n). For definiteness, let αn → 0 and assume s = sn ∼ α3

nn → ∞.
Split the edge set of the hypergraph H into two hypergraphs H1 = (V,E1) and
H2 = (V,E2) with edge sets

E1 : = {e ∈ E : |e ∩ S| ≤ 1}, and

E2 : = {e ∈ E : |e ∩ S| ≥ 2}.

Recall that the maximum possible degree of a vertex in H is N :=
(
n−1

3

)
, and write

N = N1 +N2 where N1 =
(
n−s

3

)
and N2 = N−N1 ∼ sn2/2 are the maximum possible

vertex degrees in H1 and H2 respectively. Write di(v) for the degree of the vertex v
in Hi, i = 1, 2, and set

S ′ := {v ∈ S : N2pn −∆ < d2(v) ≤ N2pn + ∆}

where ∆ := αn
√
Npnqn is assumed to be an integer. Our first aim is to show that S ′

is large with probability approaching to 1.

Lemma 7. Let ∆ = αn
√
Npnqn and |S| ∼ α3

nn with αn → 0. Then P[|S ′| > |S|/2]→
1 as n→∞.

Proof. Fix a vertex v ∈ S. Then d2(v) is distributed as a Binomial B(N2, pn) random
variable. Thus by Chebyshev’s inequality,

P[d2(v) /∈ (N2pn −∆, N2pn + ∆]] ≤ N2pnqn
∆2

=
N2

α2
nN
∼ |S| · n

2/2

α2
nn

3/6
∼ 3αn.

Thus
E[|S| − |S ′|] . 3αn|S|,

and so by Markov’s inequality,

P[|S ′| ≤ |S|/2] = P[|S| − |S ′| ≥ |S|/2] . 6αn → 0

as n→∞. The result follows.

Now define

Z ′∆ = |{v ∈ S ′ : Npn − 2∆ < d(v) < Npn −∆}|.

The reason for the rather asymmetric definition of Z ′∆ will become apparent later when
we consider the non-uniformity of the degree distribution in the proof of Theorem 12.
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We note that when conditioning on H2 (and hence also on the set S ′), d(v) =
d1(v) + d2(v), where d2(v) is determined by H2 and the d1(v) is a Binomial B(N1, pn)
random variable. We also note that the d1(v) are independent for v ∈ S as no edge
from H1 can contribute to more than one of these degrees.

Lemma 8. If ∆ = αn
√
Npnqn →∞, with αn → 0 and |S| = o(n), then

Var[Z ′∆ | H2] ≤ E[Z ′∆ | H2] ∼ αn|S ′|√
2π

.

Proof. Set p = pn and q = qn. Let Iv be the indicator function of the event that
Np − 2∆ < d(v) < Np − ∆. Now conditioned on H2 and assuming v ∈ S ′, we can
write d2(v) = N2p+ λv where |λv| ≤ ∆. Thus Iv is also the indicator function of the
event that

N1p− (2∆ + λv) < d1(v) ≤ N1p− (∆ + λv)

and d1(v) has a Binomial B(N1, p) distribution. The proof for the expectation now
follows from the same argument as in Lemma 1 with r = 4 and only a few minor
differences. By the Berry-Esséen theorem we have

E[Iv | H2] = P(N1p− (2∆ + λv) < d1(v) ≤ N1p− (∆ + λv)]

∼ 1√
2π

∫ − ∆+λv√
N1pq

− 2∆+λv√
N1pq

e−t
2/2dt ∼ ∆√

2πN1pq

with additive error at most 6/
√
N1pq in the first approximation (as in Lemma 2).

The second approximation follows as 2∆ + λv = o(
√
N1pq). As ∆→∞ we obtain

E[Iv | H2] ∼ ∆√
2πN1pq

.

Now as s = |S| = o(n) we have N1 =
(
n−s

3

)
∼
(
n−1

3

)
= N , so

E[Z ′∆ | H2] ∼ |S ′| · ∆√
2πN1pq

∼ αn|S ′|√
2π

.

For the variance we recall that, conditioned on H2, the d1(v) are independent for
distinct v, so writing pv = E[Iv | H2] we have

Var[Z ′∆ | H2] =
∑
v∈S′

Var[Iv | H2] =
∑
v∈S′

pv(1− pv) ≤
∑
v∈S′

pv = E[Z ′∆ | H2].
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Lemma 9. Assume that |S| ∼ α3
nn and ∆ = αn

√
Npnqn → ∞ where αn → 0,

αnn
1/18 →∞. Then

lim
n→∞

P[Z ′∆ ≥ α−1
n

√
2∆ | H2] = 1

provided that |S ′| > |S|/2.

Proof. For this proof we shall assume all probabilities and expectations are condi-
tioned on H2 and that |S ′| ≥ |S|/2. We may apply Lemma 8 because ∆/

√
Npnqn =

αn → 0 and ∆→∞. Thus we have

Var[Z ′∆] ≤ E[Z ′∆] ∼ αn|S ′|√
2π

. (5)

Thus for sufficiently large n we may assume

E[Z ′∆] ≥ 1
6
α4
nn→∞

as αn � n−1/18. Applying Chebyshev’s inequality we obtain

P
[
|Z ′∆ − E[Z ′∆]| > 1

2
E[Z ′∆]

]
≤ 4Var[Z ′∆]

E[Z ′∆]2
≤ 4

E[Z ′∆]
→ 0 .

Hence P[Z ′∆ ≥ 1
2
E[Z ′∆]]→ 1 follows. Finally we note that ∆ = αn

√
Npnqn ≤ αnn

3/2,
so

1
2
E[Z ′∆]

α−1
n

√
∆
≥ α4

nn/6

α
−1/2
n n3/4

= 1
6
(αnn

1/18)9/2 →∞.

Thus 1
2
E[Z ′∆] ≥ α−1

n

√
∆ for sufficiently large n, and so the result follows.

We now need to address the issue that the degrees of the vertices contributing to
Z ′∆ are not uniform in (Npn − 2∆, Npn −∆].

First we state and solve an elementary matrix optimization problem. For a t× s
matrix M , the product of q = min{t, s} elements no two of which are in the same
row or in the same column will be called a permanent term. The full permanent of
M is the total sum F (M) of all permanent terms.

A matrix (xij) is called row monotonic if xij ≤ xik, for every i and j < k. Let ai ≥ 0
be given real numbers, i = 1, . . . , t, and letM be the family of all t×s row monotonic
matrices (xij) with entries xij ≥ 0 and with fixed row sums xi1 + xi2 + · · ·+ xis = ai,
i = 1, . . . , t.

Lemma 10. The full permanent function F attains its maximum onM at the matrix
with constant rows.
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Proof. For i = 1, . . . , t, let ai = ai/s be the average of the elements in row i. Let
β(M) be the number of elements of M ∈M that differ from the average of their row.
We show that the matrix M0 ∈M with β(M0) = 0 maximizes F .

Let M ∈ M be optimal, and assume that row ` of M is not constant. Let
x`j < a` < x`k such that j is largest possible and k is smallest possible. Set δ =
min{a` − x`j, x`k − a`}. Let M ′ be the matrix obtained from M by replacing x`j and
x`k with x′`j = x`j + δ and x′`k = x`k − δ, respectively. Observe that M ′ ∈M.

When computing the difference F (M ′)− F (M) all those permanent terms cancel
that contain none of x`j, x`k, x

′
`j, and x′`k. Assume that a permanent term T in F (M ′)

contains just one factor y from columns j and k, let y = x′`j or x′`k, and set T ′ = T/y.
Obviously

(x′`j + x′`k − x`j − x`k)T ′ = 0 ,

hence in the difference F (M ′)−F (M) all those permanent terms cancel that contain
just one factor from columns j and k.

Let M(`, i; j, k) be the (t−2)×(s−2) matrix that is obtained from M by removing
rows `, i, and columns j, k. Now the remaining permanent terms can be grouped as
follows:

F (M ′)− F (M) =
∑
i 6=`

(x′`jxik + x′`kxij − x`jxik − x`kxij)F (M(`, i; j, k))

= δ
∑
i 6=`

(xik − xij)F (M(`, i; j, k)) .

Because M is a non-negative row monotonic matrix, F (M ′)−F (M) ≥ 0. Therefore,
M ′ ∈ M is optimal as well. Obviously β(M ′) ≤ β(M) − 1, because x′`j = a` or
x′`k = a`, or both.

Repeating the procedure above, by taking non-constant rows in any order, we
obtain an optimal matrix M0 with β(M0) = 0 in at most β(M) steps. This matrix
M0 has obviously constant rows.

We will say that an integer-valued random variable Y ∈ [1, s] has monotonic
distribution if the sequence (P[Y = k])sk=1 is non-decreasing.

Lemma 11. For t ≤ s, let Y1, Y2, . . . , Yt ∈ [1, s] be independent random variables with
monotonic distributions. Let W1,W2, . . . ,Wt ∈ [1, s] be independent random variables
with the same uniform distribution. Then

P[Yi = Y` for some 1 ≤ i < ` ≤ t] ≥ P[Wi = W` for some 1 ≤ i < ` ≤ t] .
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Proof. We have

P[Wi = W` for some 1 ≤ i < ` ≤ t] = 1−
∑

1≤i1,...,it≤s

P[(W1 = i1) ∧ · · · ∧ (Wt = it)]

and

P[Yi = Y` for some 1 ≤ i < ` ≤ t] = 1−
∑

1≤i1,...,it≤s

P[(Y1 = i1) ∧ · · · ∧ (Yt = it)] ,

where the summations are taken over all distinct integers i1, . . . , it ∈ [1, s]. For every
1 ≤ i ≤ t, 1 ≤ j ≤ s, let xij = P[Yi = j], and define the t× s matrix M = (xij). By
the independence,∑

1≤i1,...,it≤s

P[(Y1 = i1) ∧ · · · ∧ (Yt = it)] =
∑

1≤i1,...,it≤s

P[Y1 = i1] . . .P[Yt = it] = F (M).

Notice that M is a row monotonic matrix with row sums equal to one. Then by
applying Lemma 10, we obtain that F (M) ≤ F (M0) where M0 is the t×s matrix with
constant rows (1/s, 1/s, . . . , 1/s) given by the distributions of the random variables
Wi. Therefore

P[Yi = Y` for some 1 ≤ i < ` ≤ t] = 1− F (M)

≥ 1− F (M0) = P[Wi = W` for some 1 ≤ i < ` ≤ t]

follows.

Theorem 12. Assume pn, qn ≥ cn−1 for some c > 0. Then the probability that a
random 4-uniform hypergraph H4(n, pn) has two vertices of the same degree tends to
one as n→∞.

Proof. We adopt the notation of Lemma 9 by selecting αn → 0 sufficiently slowly so
that αnn

1/18 → ∞, setting ∆ = αn
√
Npnqn, and choosing S so that |S| ∼ α3

nn. By
Lemma 7, we may condition on H2 and assume |S ′| > |S|/2.

Since pn, qn ≥ cn−1, ∆ = αn
√
Npnqn ≥ c′αnn

1/2 for some c′ > 0, so ∆→∞. Thus
by Lemma 9 it follows that, with probability tending to one, the random 4-uniform
hypergraph H = H4(n, pn) has a set T of at least t := α−1

n

√
∆ vertices in S ′ with

degree values in (Npn − 2∆, Npn − ∆]. Moreover, conditioned on T and H2, the
degrees of the vertices in T are independent, and are given by d2(v) = N2pn +λv plus
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d1(v), where d1(v) is a Bernoulli B(N1, pn) random variable conditioned so that it lies
in the interval

(N1pn − (2∆ + λv), N1pn − (∆ + λv)].

As v ∈ S ′, |λv| ≤ ∆, and so this interval lies entirely below the mean N1pn of the
Binomial. Thus the distribution of d1(v), and hence d(v), is monotonic. The result
follows from Lemmas 11 and 6.

Theorem 13. The probability that the random 4-uniform hypergraph of order n has
two vertices of the same degree tends to one as n→∞.

Proof. Assume that the conclusion is not true. By symmetry we may assume pn ∈
[0, 1

2
] for all n. Then there is a ε > 0 and a subsequence n1, n2, . . . such that the

probability that there are two vertices of the same degree in H4(ni, pni) is smaller
than 1 − ε for every i. Now either there is a subsequence pnij with pnij = o(n−1

ij
) or

there is a constant c > 0 and a subsequence pnij with pnij ≥ cn−1
ij

. In the first case we
obtain a contradiction from Theorem 4 with r = 4, and in the second case we obtain
a contradiction from Theorem 12.
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