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Abstract

Motivated by an application in controllability we consider max-
imum matchings in random bipartite graphs G = (A, B). First we
analyse Karp—Sipser’s algorithm to determine the asymptotic size
of maximum matchings in random bipartite graphs with a fixed de-
gree distribution. We then allow an adversary to delete one edge
adjacent to every vertex in A in the more restricted model where
each vertex in A chooses d neighbours uniformly at random from B.

1 Introduction

We are interested in finding large matchings in random bipartite graphs.
The motivation comes in part from recent work by Liu, Slotine, and
Barabadsi [16], in which they used a characterisation by Lin [15] of struc-
tural controllability to show how large matchings in random bipartite
graphs play a crucial role in obtaining bounds on the number of nodes
needed to control directed networks. We will give a short description of
this connection in Section 2.

Matchings in bipartite graphs are a classical problem in graph theory.
The famous theorem of Hall [10] states that a bipartite graph with vertex
sets V7 and V5 contains a matching of size |V;| if and only if for every
set S C Vi we have |S| < |I'(S)| where T'(S) is the neighbourhood of
S. One can use this characterisation to show that in a random bipartite
graph G(n,n,p) with vertex sets V7 and V5 of the same size n where each
of the possible n? edges is present with probability p independent of the
presences or absence of all other edges, with high probability (whp) there
is a matching of size n if there is no isolated vertex. The random bipartite
graph G(n,n,p) has no isolated vertex with high probability if np — logn
tends to infinity as n tends to infinity, see for example [11].

Finding matchings in general graphs is a well-studied problem and
polynomial time algorithms are known to find maximum matchings, see
for example [7, 17]. We will analyse a far simpler algorithm developed by
Karp and Sipser [14] which we will introduce in Section 3.3. This algorithm
is known to work well with high probability on sparse random graphs [1].
Bohman and Frieze [4] analysed this algorithm for the class of graphs
which have no vertices of degree smaller than & > 2 or larger than A,
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and dng, ..., Ana forms a log-concave sequence. Here ng is the number of
vertices of degree d. We generalise this result in Section 3 to more general
degree distributions and develop a simpler proof. Bohman and Frieze used
the differential equation method to track the number of vertices of each
degree whereas we use generating functions and will see that we only need
to track two variables. Non-algorithmic proofs for slightly more precise
results can be found in [5] and also in [18]. In particular the authors
determine the size of a maximum matching in a random bipartite graph
with a fixed degree distribution under some mild assumption on these
distributions.

Motivated by the application in controllability we discuss briefly in
Section 4 the presence of an adversary in a more restricted model. More
precisely, we consider a random bipartite graph G = (A U B, E) with
|A] = n and |B| = (1 4 ¢)n. Each vertex in A is adjacent to d neighbours
chosen uniformly at random from B. We allow repetition, so this is a
multigraph. An adversary is then able to remove a single edge adjacent
to each vertex of A, with the aim of minimising the size of the largest
matching. The complete proofs can be found in [2]. Melsted and Frieze [9]
analysed the Karp—Sipser algorithm for the random bipartite graph where
each vertex in a partition class of size n chooses d neighbours uniformly
at random from a partition class of size an for some a > 0 but without
an adversary.

2 Controllability

Roughly speaking, controllability is concerned with which elements of
a network one needs to be able to manipulate — a control set — to be
able to force the entire network into any desired state. More precisely,
we have a vector x € R™ that evolves according to a system of equations
dx(t)/dt = f(x) + y(t) where y € R™ is a ‘controlling’ term with y;(¢t) =0
whenever ¢ is not in the control set. We are interested in the smallest
control set S such that by varying y; for i € S suitably we can force x
into any desired state in finite time. We consider the simpler case when
the changes are linear. We have a vector x(t) = (1(t), x2(t), ... zn(t))
which represents the current state of a system with n nodes at time ¢; the
n X n matrix A showing the topology of the system signalling interactions
between nodes, and the n xm matrix B that identifies the set of nodes con-
trolling the system. Thus we are interested in dx(t)/dt = Ax(t) + Bu(t).
The canonical controllability criterion according to Kalman [12] is that
the n x nm matrix C = (B, AB, A?B, ..., A" ! B) has full rank. In appli-
cations it is often impossible to measure the entries of A exactly or they
may be time dependent (for example internet traffic). Structural Control-
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lability circumvents this problem by allowing us to choose the non-zero
entries in A and B such that C' = (B, AB, A?B, ..., A" ! B) has maximal
rank. It can be shown [15, 19] that a system that is structurally control-
lable is controllable for almost all choices of the entries, except for some
pathological cases of zero measure that occur when the system parame-
ters satisfy certain accidental constraints. Structural controllability has
applicability in many areas beyond classical control systems, including in
large-scale networks found in national critical infrastructures such as en-
ergy and telecommunication networks, and where such networks interact,
as e.g., in Smart Grid control systems [6].

From a graph-theoretic point of view structural controllability is attrac-
tive because one can interpret the problem as a directed graph problem:
first one observes that if one can choose the entries freely one can always
assume that the entries b;; of B are 0 if ¢ # j and 1 if ¢ = j. Hence one
only needs to consider A which can be represented by a directed graph G
with a directed arc between a vertex ¢ and j if a;; # 0, i.e., if variable x;
affects dx;/dt. For example:

%:a$1+bxz+yl 3
d
= oz, 5= (1)
dzs _
2 = dy =
Equations Graph G Controlling set

There are fairly simple obstructions for a set .S to control a network:

Inaccessibility: There is a vertex v such that there is no directed
path from any vertex u € S to v.

Dilation: There is a subset of vertices X, XNS = (), such that
the size of the in-neighbourhood is smaller than | X|.

Lin [15] showed that these necessary conditions are indeed sufficient,
that is, if there are no inaccessible vertices and no dilation then the set .S
controls the network. He also showed that the number of nodes needed to
control a system is equal to the minimum number of vertex-disjoint cacti
that span G. To define a cactus we need to define stems and buds first. A
stem is a simple directed path. The first vertex is called the root and the
last vertex is called the top of the stem. A bud is a simple directed cycle
with an additional edge that ends but does not begin in a vertex of the
cycle. A cactus consists of a stem and a collection of disjoint buds such
that the initial vertex of the additional edge of each bud belongs to the
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stem. We may also assume that this initial vertex is not the top vertex.
The following is an example of a cactus.

Consider the undirected bipartite graph B obtained from a directed
graph G by splitting each vertex v into v+ and v~ and adding an edge
between u* and v~ in B if there is a directed edge uv in G.

Note that a matching M in B corresponds to a union of |V(G)| — |M]|
(possibly trivial) directed paths and some number of directed cycles in G.
But in a sparse random graph there are whp only o(n) directed cycles as
the expected number of directed cycles of length & is constant for each
fixed k. Hence if one wants to find the minimum number of disjoint cacti
that span a sparse random graph up to an o(n) term then one is interested
in a maximum matching in B. Indeed, a vertex cover by ¢ cacti gives rise
to a vertex cover of ¢ directed paths and o(n) directed cycles, while a cover
by t¢ directed paths and s = o(n) directed cycles gives rise to a cover by
t + s directed paths, which can be considered as t + s cacti.

3 Maximum matchings in random bipartite graphs with
a fixed degree distribution

3.1 The random graph models

Fix two sequences (z;)52, and (£;)52, such that z;, 2; > 0 and

0<u::iizi:ii2i<oo. (3.1)
i=0 i=0
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We consider a sequence of random bipartite (multi-)graphs B, = (V,, U
Vi, Ey) with bipartite classes V,, and V;, such that

:t\.b

I
=3

Val = (L +o0(1)nYy z,  [Val=(1+0(1)n
=0

7

by fixing the degrees of the vertices in V,, and V,, in such a way that as n
tends to infinity the number of vertices of degree i in V;, is (1 + o(1))nz;
and the number of vertices of degree i in Vj, is (1 4 o(1))n2;. Naturally,
we require that the sum of the degrees in V,, and V,, are the same. For
technical reasons we assume that the total number of edges is (14 0(1))nu.
This assumption is mainly to avoid examples such as a sequence of double
stars which have average degree 2 but all but two vertices have degree 1
and the size of the maximum matching is 2. Note that we do not require
that |V;,| = |V}, nor do we require that the distributions (z;) and (%;) are
the same.

Having fixed the degrees d(v) of the vertices v € V,, U V,,, we choose
the edges randomly using the configuration model, that is, each vertex v
is replaced by the appropriate number of configuration points vi, ..., v4(y)
and a perfect matching is chosen uniformly at random over all perfect
matchings between the set of configuration points of V' and the configura-
tion points of V. We then identify the configuration points corresponding
to each vertex to obtain the bipartite multi-graph B,, with vertex classes
V and V.

We will also consider the corresponding non-bipartite version G, =
(Vi, Ey) where we have a single degree distribution (2;)32,, |Vn| =
(I+0(1))n > z;, and the total number of configuration points is chosen to
be even and asymptotically (1 + o(1))nu, where p =Y iz; < co.

We are interested in the size of a maximum matching up to an o(n)
error. Because of the error term we may assume that the degrees are in
fact bounded by an absolute constant A. To see this, note that adding or
removing a single edge from a graph can affect the size of the maximum
matching by at most 1. Since our distributions have finite mean we have
that for all € > 0, we can choose A sufficiently large such that

A
Zizi > u—e.
i=0

Let ngn) be the number of vertices of degree i in V;,. Then, since |E,| =
(14 o(1))nu (in the bipartite case), we have that for sufficiently large n

A
Zinin) > n(p—2¢) > |Ey,| — 3en.
i=0
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Therefore there are at most 3en edges in B,, that are incident to vertices
in V, of degree more than A. By choosing A sufficiently large we can
assume the same for V,,. Hence removing at most 6en edges results in a
graph of maximum degree at most A with a degree distribution that is
asymptotically 6e close to the original distribution. Moreover, it has a
maximum matching that is within 6en of the original graph. A similar
argument holds in the non-bipartite case of G,, = (V,,, Ey,). Thus we may
assume for the remainder of the paper that the degrees are bounded by an
absolute constant A which is independent of n. Similarly, by modifying
the degrees of o(n) vertices we may in fact assume that there are exactly
zn vertices in V,, and 2;n vertices in V,, of degree i. (Assuming of course
that the z;, Z; are rational, n is a multiple of their denominators, and
> izin is even in the non-bipartite case.) To simplify notation we shall
usually drop the subscript n and write the graphs as B = (V U v, E) or
G=(V,E).

3.2 Results

We consider the following generating functions. Let
A A
flx) = Z zz'  and  f(z) = Z Zixt.
i=0 =0

Note that V| = f(1)n, [V| = f()n and p = f'(1) = f'(1), so that
|E| = f'(1)n = f'(1)n.

Let wy, ws, w1, W be the smallest non-negative solutions to the fol-
lowing simultaneous equations

(3.2)
Define
E= )+ f(1) = flig) = f(1—wr) = f'(1 —wi)wy,
E=F()+f(1) = flwz) = f(L—b1) = f'(1 )i (33)
Theorem 3.1 Suppose that & < é and that
Bf'(e) . BfMa+p) (3.4)

flatB)= () fra+p)—f(a)
along the trajectory («, 8, &, B) starting at (g, 1 —1 — g, we, 1 —wq —ws)
and evolving according to the differential equations given in (3.9) up until
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the point at which ¢ = /8. Then with probability tending to 1 asn — oo,
the size of a mazimum matching in B=(VUV,E) is

(& —O(Vo)n.

The conditions in Theorem 3.1 are somewhat awkward to check, how-
ever a much simpler statement is possible in the symmetric case when
Z; = 2?1

Theorem 3.2 Suppose that z; = Z; for all i, so that f = f, w; = Wy,
and € = &, and suppose that f"(x)~1/? is convex on [0,1]. Then with
probability tending to 1 as n — oo, the size of a maximum matching in
B=(VUV,E) is

(€ — o).

This last result also generalises to the non-bipartite case.
Theorem 3.3 Let f(z) = >, z;z' be the generating function of (z;)32,.

Suppose that f"(x)~/? is convex on [0,1]. Define wy and wsy to be the
smallest non-negative solutions to the following simultaneous equations

L Pw)
w1 =Ty, w2=1- Ty

Let £ =2f(1) — f(w2) — f(1 —wy) — f'(1 — wy)wy. Then with probability
tending to 1 as n — oo, the size of a mazimum matching in G = (V, E) is

(& —o(1))n.

Let us remark that the condition that f”(z)~'/2 is convex (or equiva-
lently 2f" (x) f®*) (z) < 3f®)(x)?) holds for a wide variety of distributions,
in particular it is implied by the log-concavity of dz4 which was assumed
in [4]. We will discuss this condition later.

3.3 Karp-Sipser’s algorithm

Given a graph G, Karp—Sipser’s algorithm is a randomized algorithm
that starts with an empty graph G’ on the same vertex set, and chooses
at each step an edge e of G, adds e to the graph G’ and deletes e and
all edges incident to e from G. If there are vertices of degree 1 in G then
Karp—Sipser’s algorithm chooses an edge incident to a vertex of degree 1
independently at random from all those edges. If there are no vertices of
degree 1 then the Karp—Sipser’s algorithm chooses an edge uniformly at
random from all remaining edges of the graph.
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For ease of exposition, we will delete the end vertices of e from the
graph G when e is added to the matching. We shall say that a vertex
becomes isolated if its degree is reduced to zero without it being included
in the matching.

One key property of the Karp—Sipser algorithm is that it is optimal
as long as there are degree 1 vertices, as given any degree 1 vertex v
meeting the edge e, there is always some maximum matching containing
the edge e. We split the Karp—Sipser algorithm into two phases. The first
phase is all steps of the algorithm that occur before the first time when
there are no degree 1 vertices left. The second phase is the remaining steps
of the algorithm. As noted, the first phase is always optimal, so we can
bound the difference between the size of the matching Mykg produced by
the Karp—Sipser algorithm and the size of a maximum matching My, ax.
Indeed, suppose after the first phase the graph G has N remaining non-
isolated vertices. If Ny of these N vertices are not matched in the second
phase of Karp—Sipser, then

[ Mis| < |Mmax| < |[Mks|+ [No/2].

Indeed, the best we can hope for in the second phase is an additional | N/2]
edges in our matching, so if we have (N — Ny)/2 additional edges then we
are at most | No/2] short of a maximum matching. In the bipartite case
we can say even more. Suppose there after the first phase the graph B
has NV remaining non-isolated vertices in the smaller bipartite class. If Ny
of these N vertices are not matched in the second phase of Karp—Sipser,
then
|MKS| < |Mmax| < |MKS| + NOa

as the maximum possible matching of the remaining edges would contain
at most N edges.

Another key property of the Karp—Sipser algorithm is that at every
step, if we condition on the degrees of the remaining vertices, the edges
are distributed according to the configuration model. Indeed, we need
only reveal the configuration as necessary as the algorithm proceeds. So,
for example, when we choose a random edge we choose two configuration
points uniformly at random and when we determine the neighbour of a
particular configuration point, it is chosen uniformly at random from the
collection of remaining configuration points. This gives the correct proba-
bility distribution of choices at each stage as in a uniformly chosen perfect
matching, choosing a random edge is equivalent to picking two configura-
tion points uniformly at random, and each configuration point is matched
to another configuration point with a uniform distribution. Also, condi-
tioning on the existence of an edge, the perfect matching of the remaining
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configuration points has a uniform distribution.

In Section 3.4 it will be convenient to modify the algorithm slightly
so that when there are several vertices of degree 1 we do not necessarily
choose one uniformly at random, but instead choose them according to
some other scheme. The argument above still applies however, as long as
the choice of degree 1 vertex does not depend on the edge it is incident
to (i.e., on the choice of its matching configuration point). In Section 3.5
we will modify the algorithm further, allowing mistakes where an edge is
chosen uniformly at random from the graph even when a small number
of degree 1 vertices exist. Once again, the above argument is unaffected
as long as the algorithm depends only on the degrees of the remaining
vertices and not on the specific edges between them.

3.4 The first phase of Karp—Sipser

To analyse the first phase of the Karp—Sipser algorithm we will use
branching-process techniques. It will turn out that the finite neighbour-
hood of most vertices is a tree and therefore branching processes are a good
approximation. We will analyse the first phase of the algorithm in rounds.
A round consist of marking all the degree 1 vertices and then processing
each of these in some order. (The actual order is arbitrary, as long as it
does not depend on the edges incident to these vertices.) Note that some
of the degree 1 vertices may become isolated before they are processed
in which case they are simply ignored in subsequent rounds. Note that
strictly speaking this is a slight modification of Karp—Sipser, as we insist
that all vertices of degree 1 in round t, say, are processed before any vertex
of degree 1 that is generated by the removal of edges in round t.

Consider a vertex v and all vertices at distance at most ¢ from wv.
The vertex v is called t-good or good if its t-neighbourhood is a tree.
Otherwise it is bad. The next lemma shows that most vertices are good
when ¢t = o(logn).

Lemma 3.4 Assume that t = o(logn). Then with high probability the
number of bad vertices is o(n).

Proof We just give the proof for the bipartite case as non-bipartite case
is similar. Fix a vertex vy and consider its t-neighbourhood. If vy is bad
then this neighbourhood must contain a cycle. Pick a shortest such cycle
and a shortest path connecting this cycle to v;. This way we obtain a
path vi,v2,...,v¢ such that £ < 2t + 1 and v, is adjacent to some v;,
j < £ —1, or doubly adjacent to vy_;. We count the expected number of
such configurations. The probability of one such configuration is bounded
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from above by

H d(vig1) \ d(ve)d(vj) < A2 < A2
|E| —Z+1 [El—¢+1 7 (IE[-0° ~ Bl (Bl -)

Indeed, conditioning on the presence of particular edges from vy to vgt1
for k < i, the probability of an edge from v; to v;41 is at most

d(vi)d(vis1)
El—it1

as for each of the d(v;) (actually d(v;) — 1 for ¢ > 1) configuration points
corresponding to v;, there are at most d(v;41) out of the remaining |F| —
i+ 1 configuration points in the other bipartite class that this point can
be joined to, and each are equally likely.

The number of such configurations is at most ¢|E[*~! as there are at
most |E| choices for each of the the vertices va, ..., vy and ¢ choices for j.
(Clearly isolated vertices are not valid choices for the v; and so there at
most |E| choices for each vertex.) Hence the probability of v; being bad is
at most LA2%/(|E|—£2) < ¢’ /n for some ¢ > 0 as |E| ~ un and £ = o(log n).
The result now follows from Markov’s inequality as

P[number of bad vertices > a] < ¢‘/a.

O

Note that the fate of a vertex v during the first k£ rounds of the first
phase of Karp—Sipser’s algorithm is completely determined by the 2k + 1
neighbourhood of v. For the remainder of this section we assume that the
vertex v is t-good.

Fix a good vertex v and consider the tree of depth ¢ 4+ 1 rooted at v.
Inductively, we classify all vertices at distance at most t41 other than v as
either v-lonely, v-popular or v-normal with respect to t. At depth ¢+ 1 all
vertices are v-normal. Suppose we have classified all vertices at level £+ 1.
Then a vertex at level £ is v-lonely if all its children on level £ + 1 are v-
popular. This also applies to the case when it has no children on level £+ 1.
A vertex is v-popular if at least one of its children is v-lonely. Otherwise
a vertex is v-normal. The root v itself will be lonely with respect to ¢ if
all of its children are v-popular (including the case when it is isolated), it
will be popular with respect to t if at least two of its children are v-lonely
and normal with respect to t otherwise (see Figure 1).
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Level t+1 N

Figure 1: Classification of lonely, popular, and normal vertices.

Lemma 3.5 Assume v is a t-good vertex and t > 1.

(a) If v is lonely with respect to t then it will either be matched or become
isolated within the first [t/2] rounds. If it is matched to u then u is
popular with respect to t — 1.

(b) If v is popular with respect to t then it will be matched within the
first |t/2] rounds. If it is matched to u then u is lonely with respect
tot+1.

(¢) If v is normal with respect to t then it will not become isolated during
the first |t/2] rounds. If it is matched to another vertex uw during
the first |t/2] rounds, then w is normal with respect to t — 1.

Proof Note first that whatever happens during the first |¢/2] rounds to
vertex v only depends on the tree rooted at v of depth ¢+ 1. In particular
whether a vertex becomes isolated or of degree 1 during the first |¢/2]
rounds only depends on this tree.

We now observe that as long as no chosen matching edge contains the
root v, after ¢ rounds, all matching edges within distance t — 2i + 2 of
v connect a v-lonely vertex (with respect to t) with an v-popular parent
(with respect to t). Indeed, after i rounds, if v is not matched then any
v-popular vertex at distance at least ¢ — 27 from v will be matched with a
child that is v-lonely, and any v-lonely vertex at distance at least ¢t +1—2¢
from v will be either matched or become isolated. Note that no vertex at
level t can be v-popular, so any v-lonely vertex at distance ¢t or t —1 from v
has no children. Hence, assuming v is not matched or isolated after |t/2]
rounds, then all its v-popular children will have been matched, leaving it
isolated if v is itself lonely. If v is lonely and matched, then it must have
done so because it became degree 1. The vertex u that it is matched to
is clearly popular with respect to t — 1 as it is v-popular. Thus u has a
v-lonely child, which is u-lonely with respect to t — 1. On the other hand,
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all the children of v other than u were matched after |¢/2| — 1 rounds and
so must be v-popular with respect to t —2. Thus v is u-lonely with respect
to t — 1. Hence u has two u-lonely children and so is popular with respect
tot —1.

Similarly, if v is popular, then at least two of its children are v-lonely.
But all of their children are then matched within the first |¢/2] —1 rounds,
and so these children are of degree 1 before round [¢/2]. Thus v is matched
in this round if not before. Since v has two children that are v-lonely, and
v-lonely vertices can only be matched to their parent prior to v being
matched or isolated, it is clear v does not become isolated or degree 1,
but instead is matched to one of its children. This child w is clearly lonely
with respect to ¢ + 1 as all its neighbours (including v) are u-popular (v
itself having a lonely child other than u).

Now assume v is normal. Then not all of its children are v-popular
and therefore not all of its children can be removed during this process.
Therefore v never becomes isolated. Now assume v is matched to v and
assume for a contradiction that u is not normal with respect to t—1. Before
v is matched, the only children it can lose are v-popular by the observation
above. Moreover, these v-popular neighbours have degree at least 2 or are
matched to an v-lonely child. Assume first that u is popular with respect
to t—1. Since v is normal there must be at least one neighbour w of v that
is not v-popular with respect to ¢ and therefore won’t be removed before
v is matched. This means v has degree at least 2 when it is matched. But
u must have a wu-lonely neighbour other than v that cannot be matched
except to u. Hence u also has degree at least 2 or is matched to a u-lonely
vertex which is not v. Therefore uv cannot be a matching edge.

Now assume that u is lonely with respect ¢ — 1. Then u is v-lonely
with respect to t. Also v is u-popular with respect to ¢ — 1 which means
that there is at least one child other than u which is u-lonely with respect
to t — 1 and in particular it is v-lonely with respect to t as being v-lonely
is monotone in ¢t. Thus v has two v-lonely children with respect to ¢, a
contradiction to the assumption that v is normal with respect to ¢. O

We will show that the solutions w1, w2, w1, and w2 of (3.2) mentioned
in the introduction represent the probability of a vertex in V' or V being

v-lonely or v-popular if they are close to a good vertex v. We use iterated
versions of w; and w9 to make this precise. In particular, we define wl@
and wgt)

Set

using the following recursion.

(0) _

wy 2 = 121&0) = wg)) =0,
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and for ¢ > 1 inductively define

() _ freg ) @) g gt

N O (O
e o = P s g fawlTY) (3.5)
L JO N o ‘

Theorem 3.6 Let t = o(logn) and fix a good vertexv. Foralli=1,... ¢t
the following holds.

(a) The probability that a vertex w in 'V at distance t + 1 — i is v-lonely
with respect to t conditioned on its existence and the tree of depth t
from v except for the branch rooted at u is wgl) +0(ct*/n) for some
constant c.

(b) The probability that a vertex w in'V at distance t+1 —1i is v-popular
with respect to t conditioned on its existence and the tree of depth t
from v except for the branch rooted at u is wgl) +0(ct*/n) for some
constant c.

The corresponding statements hold for u € V with wgi), wg) replaced with
w@, ﬁzél) respectively. Moreover, these results remain true even condi-

tioned on the location of O(ct) edges outside of the tree of depth t from v.

Proof The statements are clearly true for ¢ = 0 as all vertices at level
t 4+ 1 are v-normal with respect to ¢.

Assume that we explored the entire tree with root v of depth ¢ + 1
except for one branch starting at level t +1 —i. We know that there is an
edge from level ¢t — i to a vertex u but we do not know anything further
about this branch. Note that in the configuration model we have fixed at
most A**! edges. The probability that u is v-lonely (conditioning on the
remaining tree) is

A—

=

k
P(u has children uy ... ug) H P(u; is v-pop. | w1 ... u;—1 are v-pop.).
k=0 j=1
(3.6)
The probability that at the beginning, we choose an edge adjacent to
vertex of degree k + 1 is (k + 1)zk11/p and hence the probability that u
has k children is

(k4 D)znn —0QAY) _ (k+ Do | o,
EERCA
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Note that the O(A?) term takes care of the edges that are already fixed.
The probability p; that a child u; of u is v-popular with respect to ¢
conditioned on the remaining tree including the previous children of u is

by induction hypothesis zizéi_l) + O(c"*i=1/n). Thus (3.6) gives

>

. ((’”L)* n O(At/m) S

~
Il
o

e

(k4 1)2ke41

pr...pr+ O(AT /)

"1
LL

D3 (i 0)6 4 k- 071 ) + O(A /)

£

Il

<
=

(7 /n) + O(A™ /n).
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I
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1) 1)

Here we used that p; = u?éi_l) + O(c'™*=1/n) is between 0 and 1. Note

that the first term is by definition w!” and the error term is O(c!*1/n)
provided ¢ > max{f"”(1)/f'(1), A}.
The other statements are proved analogously. 0

Theorem 3.7 Let t = t(n) — oo with t = o(logn). Then the following
hold whp.

(a) The number of good vertices v € V' that are lonely w.r.t. ¢ is (f(w2)+

o(1))n.

(b) The number of good vertices v € V that are popular w.r.t. t is (f(1)—
f(]. — ’Lbl) — f/(l — 12)1)1@1 + 0(1))TL

(c) The number of good vertices v € V that remain unmatched and non-
isolated after t rounds is (f(1 — 1) — f(wa) — f'(w2)2 + o(1))n.

(d) The number of vertices v € V that are of degree k > 1 after t
rounds is (z;,4+o(1))n, where z;, are defined by the generating function

Szt = flat )~ f(a) = Bf (a)z, and a = 1w, f =1 -1 —y.
(e) The number of vertices that have degree 1 after t rounds is o(n).

The same statements apply to V with f replaced by f and w; replaced by
Wi .
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Proof Note that wgt) and uAJEt) are bounded increasing sequences and as
t — oo, wgt) — w; and wgt) — ;. Also, the properties of being v-lonely
or v-popular with respect to ¢ are increasing in t. A vertex v € V is
lonely with respect to ¢ if all its children are popular, so by Theorem 3.6,
this occurs with probability (uﬁét) + o(1))%e() The expected number

of vertices in V' that are lonely with respect to ¢ is therefore f (u?ét) +
o(1))n = (f(2)+o0(1))n. To get concentration we use the second moment
method. Let d(u,v) denote the distance between w and v. By coupling
a random instance of the bipartite graph with an instance in which the
t + 1-neighbourhood of vy is fixed, it is clear that

|P[v1 lonely | vy lonely] — Plv; lonely]| < P[d(v1,v2) < 2t + 1].
Hence, if X represents the number of lonely vertices in V,
Var(X) = E(X?) - E(X)?
= Z (P[v1, v2 lonely] — P[v; lonely]P[v, lonely])

V1,V2

-0 <Z Pld(vy, v2) < 2t + 1]) = O(nA)

V1,02

Thus | X —E(X)| < n'/2%¢ with high probability. Parts (b)-(d) are proved
similarly. In (c) we note that as ¢ — oo and the events of being popular
and lonely are monotone, it is enough to count vertices v that have no
v-lonely children and at least two children that are not popular. In (d) we
are counting the number of these vertices with exactly k£ > 2 children that
are not v-popular. Statement (e) is an instant corollary of (d). O

3.5 Evolution of the generating functions

We generalise Theorem 3.7(d) by showing that after any number of
steps of the Karp—Sipser algorithm, in either phase 1 or phase 2, the
generating function of the degree distribution of the remaining vertices
is of a simple form. Recall that we delete vertices that are used in the
matching.

We shall use the differential equation method of Wormald (see [20]).
However, to directly apply this method in the form proved in [20], we
shall modify the Karp—Sipser algorithm slightly. Fix a § > 0 and run
the Karp—Sipser algorithm with the following modification. At each step,
if the total number N; of degree 1 vertices is less than dn, but more
than zero, then with probability N7/(dn) we run the original Karp—Sipser



16 P. Balister and S. Gerke

algorithm by picking uniformly at random an edge incident to a degree 1
vertex. However, with probability 1 — Ny/(dn) we instead pick an edge
uniformly from the graph (i.e., we don’t notice that there are degree 1
vertices present). The advantage of this modification is that the derivatives
in the differential equation method will now be Lipschitz. (In [4] a different
method we employed to avoid the discontinuity in the algorithm between
Ny = 0 and N; > 0, namely steps were grouped together so that N3 =0
always held after one of these multiple steps. Here however we are less
concerned about the error terms so will use this simpler method.)

Let ng(t) and ng(t) be the number of degree d vertices in V and V
respectively after ¢ steps of the algorithm, and let F; be the filtration given
by the edges revealed up to and including the t™ step. Write Ang(t) =
nq(t) — ng(t — 1) and define

nl(t)
max{dn,ni(t) + ni(t)}

n(t) =

and similarly for 7(¢). Then with probability n(t) the algorithm picks
an edge adjacent to a degree 1 vertex in V, with probability 7(t) the
algorithm picks an edge adjacent to a degree 1 vertex in V, and with
probability 1 —n(t) —7(t) an edge is picked uniformly at random from the
entire graph. When an edge is chosen adjacent to a degree 1 vertex in
V, or arbitrarily in V, then the matching vertex in V is of degree d with
probability dng(t)/E(t), where E(t) =Y dnq(t) = > dig(t) is the number
of remaining edges in the graph. From this is is possible to calculate the
expected change in the ng(t) for 0 < d < A as

d
E[Anq(t) | Fomi] = —ndra — (1 = m) Z*

A ~
g { e A sh e ) o0/}
k=1

(3.7)

Here ;g = 1if d = 1 and 614 = 0 if d # 1. The first two terms gives
the change caused in ng4(t) as a result of a degree d vertex in V being
chosen in the matching. FEither this vertex is chosen from one of the
degree 1 vertices (with probability 7), or it is the vertex containing a
randomly chosen configuration point. The last term gives the change in
ng caused by the removal of edges incident to the matching edge. If the
matching edge meets a vertex of degree 1 in V then no such edges meet
V other than at the matching vertex. Otherwise we need to remove k£ — 1
configuration points from the V side where k is the degree of the matched
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vertex in V. Removing one configuration point increases ny by an average
of %((d + 1)ngy1 — dng), i.e., the probability of this configuration point
corresponds to a degree d+ 1 vertex (which then becomes degree d), minus
the probability that this configuration point corresponds to a degree d
vertex (which then becomes degree d—1). If all k—1 removed configuration
points corresponded to distinct vertices, then we could just multiply %((d—&—
1)ng41 — dng) by k — 1. There is however an error when k > 2 as it is
possible for the degree of a vertex to drop by more than 1 when there
are multiple edges in B. We bound the expected contribution of this by
the number of pairs of configuration points in V, namely (kgl) = 0(A?),
multiplied by the probability that they match to the same vertex in V,
which is O(A/E).
We can rewrite (3.7) in the form

E[Ang(t) | Fooa] = hg(m2® . nalt) 2t |0 2aW®) 4 01 /n)

n n

with
ha(¢,¢) = — darn — (1 — )¢~ LdCq
+ (1= )¢ 2((d+ DCarr — dCa) > (k= Dk, (3.8)
where ¢ = (Co,.--,¢a), ¢ = (Cor---1Ca), ¢ = SdCy = Y dla, 1 =

¢/ max{0,¢y + 1}, and ) = & /max{8, ¢ + C1}. We define hy similarly
and note that hy and hy are Lipschitz on the domain

D ={(¢,¢) €[0,00)*22: ¢ > V/6}.

Hence we can apply Theorem 5.1 of [20] (with v =0, 3 = A, A = n~/4)
to deduce that

na(t) = nCa(t) + O(n®*), na(t) = nla(t) + O(n3/4),
with probability 1—e— 0 uniformly in the set of ¢ for which > d(4(t) >

V8, where C4(t) and (4(t) are the (unique) solutions to the system of
differential equations

%Cd(ﬂ = ha(C(t),C(1),  —Calt) = ha(C(t),C(t),  d=0,...,A,
with initial conditions (4(0) = zq4, éd(o) = Z3.

Lemma 3.8 Running the modified Karp-Sipser’s algorithm yields with
high probability at any stage a bipartite graph such that there exist o, 3,7, c
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and &, B,'% ¢ so that the degree generating functions of the bipartite graph
are f(a+px) —vr—c+e(x) and f(&+ px) —Fx — ¢+ E(x), where e(x) =
Zf:Q g2t é(x) = Zf:Q ;2" with €;,€; = o(1). Moreover, the coefficients
a,ﬂ,’y,éx,ﬁ,& evolve according to the coupled differential equations

o =B -0 f" @+ p),

Sla+B) =—(1-n¢ (3.9)

d,. _ as

aY=n+ 3
where A

n=C/max{6,(1 + G}, G =Bf(a) =7,
¢=Bf"(a+B)—v=BfG+p) 4

and similarly for &, B,'Ay, 7, él.

Proof Write f;(z) = Zﬁ:o Cat)z?, fi(x) = Zﬁ:o Ca(t)z?. Now from
(3.8),

a, . L )
as ¢ = f/(1) = f/(1). Now this is of the form %ft(:zz) =—-A(t)z—B(t)x f{+
C(t)(1 — z)f{, whose solution is easily seen to be of the form

fi(z) = fla+Bz) —yx —c
for some functions «(t), B(t), ¥(t), and c(t) satisfying (3.9). O

(1= =z)fi(z).

Proof of Theorem 3.1 We run the 1st phase of Karp—Sipser for tg
rounds, to = o(logn), t¢ — oo. After this phase the generating func-
tion for the degrees in V' is given approximately by fi,(x) which by The-
orem 3.7(d) is of the form f(a+ px) — f'(a)z — ¢ for some constant c.
Here o = 1o, 8 = 1 — 11 — wo. The number of vertices in V' that become
isolated up to time ¢ is by Lemma 3.5 the difference between the number
of lonely vertices in V' and the number of popular vertices in V, which by
Theorem 3.7(b) is just

(f(2) = F(1) + f(1 = wn) + f'(1 = wi)wi)n + o(n).

By Theorem 3.7(c) there are (f(1—11)— f(2)— f'(w2)we2)n+o(n) vertices
with degree at least 2, and if all, or almost all, of these are matched then
the size of the matching will be

{F(1) = (f(i2) = F(1) + F(L = w1) + (1 = wi)wi)}n+o(n) = (£ = o(1))n.
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Assume that & < é, so that after phase 1 there are at least as many
non-isolated vertices in V as in V. We then run phase 2 and bound the
number of vertices of V' that become isolated. We note that if throughout
the evolution of the process (1(t) < d, then the number of vertices that
become isolated is small. Indeed, by (3.8),

6o = holC(t),C(0) = (1 - oG 30k~ DGy

and S (k — 1)kC, < Ag, so %(:0 = 0((1/¢) = O(\V/6) when ¢ > /6. Thus

Co(t) = O(nn/$) for all relevant ¢, and hence is o(n) as § — 0.

Thus it is enough to show that if (; > § then % < 0, or equivalently

hyi(¢,€) < 0. From (3.8), this is equivalent to

= (1= "G+ (1= (26— ) D (k= 1)k < 0.

However, ¢; > ¢ implies that 1 — 7 = 1, so it is enough if
¢7220 Y (k= Dk(p < 1.

Now ¢ = f/(1) = fI(1), S"(k — 1)kl = f'(1), and 2¢; = f//(0). Thus it is
enough that R
1oy Jr i 10
O (3:10)
for all t. Now f/'(0) = B*f"(a), f"(1) = B*f"(a + B), and f{(1) >
B(f'(a+B) = f'(a)), fi(1) = B(f'(&+ B) = f'(&)). Thus (3.10) is implied
by (3.4). Note that it is enough to require this only along the trajectory

of (e, B, &, B) taken by the algorithm in phase 2. This trajectory is given
by Lemma 3.8. O

Proof of Theorem 3.2 In the symmetric case we have f =f,a=aq
B = B. Thus it is enough to check (3.4) for all 0 < o < a+ 8 < 1 as this
covers all possible trajectories for any 6 > 0. In the symmetric case this
is equivalent to

@) f"(a+B) < ((f'(a+B) = f'(a)/B)* (3.11)
The result then follows from the following lemma. O

Lemma 3.9 Equation (3.11) holds for all0 < a < a+ S <1 if and only
if (f"(x))~Y2 is convex in [0,1].
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Proof First we note that, as f(z) is a polynomial and hence infinitely
differentiable, the convexity of f”(x)~1/? is equivalent to the condition

2f" () fM () <3P (). (3.12)
Indeed

d? d
) = L ) ) )

= @GO @)~ 2 (@) D (@)

Now suppose (3.11) holds for all 0 < o < a4+ 8 < 1. Expanding both
sides of (3.11) as a Taylor series up to 32 gives

FI@)(f" (@) + BF® (@) + D (a) + 0(8))
< (f"(@) + 21D (a) + £ fD(a) + 0(5%)?,
which after some simplification gives
21" () fP(a) <33 () + O(B). (3.13)

Letting 8 — 0 gives (3.12) for all z = @ € [0,1) (and hence also at z =1
by continuity) as required.

Now assume f”(x)~1/2 is convex. Then for t € [0, 1],

Fa+1t8)7Y2 < co(l—t) + et
where co = f”(a)"%? and ¢; = f”(a+ B)~'/2. Thus
a+pB

fla+8) - f(a) = / (@) de

«

> 5/01((;0(1 —t) +eit)2dt

— 3[— (c1—co) Heo(1—1t) + clt)_l}(l)

B 11
- C1 — Co (g B a)
= LB ) ek )

CoC1

which is just (3.11). O
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The proof of Theorem 3.3 is exactly analogous, so we omit it. Finally
we show that the condition used in [4], namely the log-concavity of the
sequence dzg, is enough to deduce the convexity of f”(z)~'/? and hence
apply Theorem 3.3.

—1/2

Lemma 3.10 If the sequence dzq is log-concave then f"(z) 8 convex

on [0,1].

Proof Let g(z) := f'(z) = ZdA:1 dzqzd=1. If we write g(x) = > a,2",
then log-concavity of (dzq) is equivalent to the log-concavity of (a,,). Write
g(z +h) = Y an(z)h™, so that a,(z) = & ddxng( ) and a,(0) = a,. We
first show that for all > 0, (an(z)) is log-concave. Log-concavity of
(an(z)) at one value of x is equivalent to e, () := antr—1(T)ant1(z) —
antk(x)ay(x) > 0 for all & > 2, n > 0, see for example [13]. Now
L a,(x) = (n+1)an41(z). Hence

k(&) = (04 D)k (@)1 (2) + (1 + 2t ()05 (2)
- (n +k+ 1)an+k+1(x)a'n+1(m) ( )a'n-i-k(x)an-&-l(x)
= (k= Danti(@)ans1(x) + (0 + 2)anir—1(2)an42(2)
—(n+k+ Daniri1(z)ani1(2)

= (k= Denprr(@) + (0 + 2)entzp-1(z)

Asep1(z) =0, and €, ,(0) > 0 for k > 2, we deduce that &, x(z) > 0 for
all x > 0 and k > 2.

Now as (an(x)) is log-concave, a1(x)as(z) < ag(x)2 It follows that
Ly (@)g®(z) < 1¢"(x)?, or equivalently 2f"(z) @ (z) < 3f®)(x)2, as
required. O

4 Matchings with an adversary

In this section we are interested in the problem of finding the largest
matching in a random bipartite graph after an adversary has deleted some
edges. More precisely, we consider a random bipartite graph G = (A U
B, E) with |A] = n and |B| = (1 + ¢)n. Each vertex in A is adjacent to d
neighbours chosen uniformly at random from B. We allow repetition, so
this is a multigraph. An adversary is then able to remove a single edge
adjacent to each vertex of A, with the aim of minimising the size of the
largest matching. We want find to the smallest ¢ such that a matching
of size n exists. Note that this problem corresponds to finding a small
control set in a directed network where each node has d-out-neighbours
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and an adversary can manipulate one out-arc at each node. Our result then
implies that we can control roughly (1 — 4logd/d?)n nodes with a single
node, which implies that there is a control set of size about 4logd/d?.

Theorem 4.1 ([2]) Let G = (AU B, E) with |A| =n and |B| = (1+¢)n
be a random bipartite (multi-)graph in which each vertex in A chooses d
vertices uniformly at random with repetition from B. For each n > 0
there exists a do such that for all d > dg, if € > (4 + n)logd/d?, then
with high probability an adversary who deletes one edge incident to each
vertex in A cannot destroy all matchings of size n. On the other hand
if ¢ < (4 —n)logd/d?, then with high probability such an adversary can
destroy all matchings of size n.

The problem of finding such resilient matchings is closely related to
finding a maximum strongly independent set in d-uniform hypergraphs
’H?Lm on 7 > n vertices and n edges. A strongly independent set in a d-
uniform hypergraph is a set of vertices such that no hyperedge contains two
or more vertices of this set, see for example [3]. Here, the partition class B
of the bipartite graph G corresponds to the vertices of the hypergraph and
the neighbourhoods of the vertices of A correspond to the edges (multi-
edges are a small nuissance but one can show with Markov’s inequality
that whp there are not many, say less than /n) . Clearly, an adversary
can isolate all vertices corresponding to a strongly independent set, and
hence if the maximum size of a strongly independent set is 8 then the
adversary can force the size of a maximum matching to be at most n — .
We will show that ’Hgm contains whp a strongly independent set of size
(4 —n)nlogd/d?® where ) can be chosen arbitrarily small if d is sufficiently
large.

As a note on notation, asymptotically, we are interested in the proba-
bilistic results as n — oo, and so by o(1) we mean a function that tends
to 0 as m — o0, but since we are also considering d — oo (and at the
same time € — 0), we may also require the use of little o notation to de-
note the size of terms which do not depend on n, in which case we will
label them o4(f(d)) to indicate that the asymptotics depend on d rather
than n. As an example € = 04(1), but neither depend on n and hence are
asymptotically constant in terms of n.

To prove that there exists a matching of size n = |A| if | B| is sufficiently
large we use Hall’s theorem [10]. Recall that by Hall’s theorem for a
bipartite graphs G with partition classes X and Y, a matching of size | X|
exists if and only if, for all X’ C X, |T'(X’)| > | X’|. Here I'(X") is the set
of neighbours of X’ (in Y'). With a careful (and lengthy) analysis we show
in [2] that Hall’s condition is satisfied and obtain the following theorem.
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Theorem 4.2 Let G be the random bipartite graph with partition sets A
and B of size n and . = (14¢)n respectively, and each vertex of A chooses
d vertices uniformly at random with repetition from B. An adversary
deletes a single edge incident to each vertex of A to obtain G'. For each
n > 0 there exists a dy such that for all d > dy and € > (4 +n)logd/d?, a
matching of size n still exists in G’ with probability tending to 1 asn — oo.

To prove that there is no mathcing of size n = |A| if |B] is too small
we consider strongly indpendent sets in random d-uniform hypergraphs as
discussed above.

Theorem 4.3 For each np > 0 there exists a dy such that for all d > dy,
there exists a strongly independent set in the random d-uniform hypergraph
"Hgm consisting of n > n vertices and n edges, which with high probability

is at least of size

The proof uses an approach by Frieze [8] suggested by Luczak. We use a
partition P of the vertex set consisting of parts Py, ..., P, of size m where
m grows asymptotically faster than (log d)? but slower than d?/log d, that
is, m = ogq(d?*/logd) and m = wy((logd)?). A set is a P-set if it is
strongly independent and contains at most one vertex from each P; for
i € {1,...,n'}. Let S be the maximum size of a P-set. By Azuma’s
inequality we have that

P (|8 —E(8)] > t) < 27"/ (4.1)

using the martingale that exposes the hyperedges incident to P; at step
1,7 =1,...,n’, and noting that 8 can change by at most 1 if we change
hyperedges incident to a single P;.

Let X be the random variable that counts the number of P-sets of
size k. Using the second moment method we show that for n > 0 and
sufficiently large d,

4
P(X), > 0) > 2exp (—29 (%) n) (4.2)
where
log d
k=(4- ¢)?n7

and n = 2.
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This implies the lower bound by setting t = 2° (logd) n/y/m as

2 o 210p2 <logd>4 _210p2 (logd>4 _ o <logd>4n
2n'm d 2n d d
From this it follows that the probability that X > 0 is larger than the
probability that 3, (which is the largest k for which Xj # 0) lies further
from the expectation than ¢. Thus k must be at most ¢ greater than E(3).
By Azuma’s inequality we know that with high probability |8 —E(8)| < ¢

and hence with high probability 8 > k — 2¢. Hence if m/(logd)? — oo, we
have that for sufficiently large d, whp

1og d logd

2z "

log d

B> (4~ —2%(logd)/v/m) > @-29)—-n=(4-n)

4.1 Conclusions/Open problems

Although we have proven a threshold for the lower and upper bounds
which are asymptotically equal as d — oo, it seems likely, that a threshold
should exist for each d. In other words, we conjecture that there exists
constants cq for d > 3 such that for all n > 0, if ¢ > ¢4 + n then whp
a matching of size n can be found, while for ¢ < ¢4 — 1 there is whp a
strategy for the adversary that reduces the size of the maximal matching
below n. If this conjecture is true then we know cq = (4+04(1))(log d)/d>.
Note that this conjecture fails for d = 2. Indeed, the adversary can simply
delete a random choice of edge from each vertex in A and then whp in
the resulting graph we have two vertices in A with the same remaining
neighbour in B. On the other hand it is not hard to see that Theorem 4.2
can be strengthened so as to give a finite bound on ¢ even for d = 3.
The proof required d to be large at several points, however, following the
strategy of the proof, it is easy to show that d > 3 is enough to get a finite
bound. For example, if n > 10dn then, defining e; to be the expected
number of witnesses for Hall’s theorem of size s and p :=

es < <Z) <s ﬁ 1) ((gd+p)p*~')°

< (en/s)*(en/(s — 1))*~ " (dp®)®
< (e/10dp)*(e/p)*~ ' (dp*)*

< (p/e)(e*/10)*

< (s/ne)(e*/10)°.




Noting that

En:(s/ne)(eQ/lO)s -0 (711) :

s=1

it is clear that we have e5 = o(1) as required.

Although we have identified the threshold for which an adversary can
and cannot destroy the complete matching when subject to the restric-
tion of removing a single edge incident to each vertex of A, there remains
a number of interesting problems that would arise from allowing the ad-
versary greater or differing powers in modifying G. The case where the
adversary is able to delete n edges globally allows the adversary to easily
isolate a linear proportion of the vertices, while equally, a matching still
exists that covers a linear proportion of the vertices. In both cases a simple
greedy algorithm provides fairly simple bounds, but finding the exact size
of the largest remaining matching seems challenging and certainly would
require further insight in tackling.

Another problem to consider would be the case of analysing the size
of the maximum matching for values of d and ¢ for which we have shown
that the adversary can eliminate a matching of size n. The use of our
graph model was motivated by its use in [9] which analysed the size of the
maximum matching in the same model but without an adversary removing
edges, for all values of d, and it would be interesting to know what the
behaviour of the size of the maximum matching becomes for small values
of d once an adversary is introduced.
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