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Problem 1:
Denote the Lebesgue measure on R by m.

(a) State the Dominated Convergence Theorem of Lebesgue Integration.

(b) Let ( f )n be a sequence of real-valued, measurable functions on [0, 1] which converges pointwise

a.e. to the real-valued function f . Prove: lim
n

∫
[0,1]

fn
1 + f 2

n
dm =

∫
[0,1]

f
1 + f 2 dm < ∞.
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Problem 2:

(a) Suppose that 1 ≤ r ≤ p ≤ s ≤ ∞. Prove: Lr(R) ∩ Ls(R) ⊂ Lp(R).

(b) Prove or disprove: For every measurable set S ⊂ R and 1 ≤ p ≤ q ≤ ∞, Lq(S ) ⊂ Lp(S ).
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Problem 3:

(a) Let f : [0, 1]→ R be an absolutely continuous function.
Prove: f is Lipschitz continuous if and only if f ′ ∈ L∞([0, 1]).

(b) Let f : [0, 1]→ R be an absolutely continuous, increasing function.
Prove: If E ⊂ [0, 1] has (Lebesgue) measure 0, then so does f (E).
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Problem 4:
Denote the Lebesgue measure on R by m.
Let ( fn) be a sequence of integrable functions on R. Suppose there exist an integrable function g and a
measurable function h such that

• ( fn) converges to g in mean, i.e. lim
n

∫
R

| fn − g| dm = 0,

• ( fn) converges to h in measure.

Prove: g = h a.e.
Note: One way to approach this problem is to use that convergence in mean and convergence in measure
are related to pointwise a.e. convergence. How are they related? Prove this relationship or clearly cite
the relevant theorems.
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Problem 5:

(a) State the Uniform Boundedness Principle.

(b) LetX be a Banach space and (Tn) a sequence of bounded linear operators onX such that lim
n

n∑
k=1

Tk(x)

exists for every x ∈ X. Prove: The sequence (Tn) is bounded in the operator norm.
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Problem 6:
Denote the Lebesgue measure on R by m. Let f and g be functions in L1(R).

(a) Prove: For a.e. x ∈ R, the function hx, defined for y ∈ R by hx(y) = f (x − y) g(y), belongs to L1(R).

(b) Prove: The function ( f ∗ g), defined for a.e. x ∈ R by ( f ∗ g) (x) =
∫
R

f (x − y) g(y) dm(y), belongs

to L1(R).

(c) Prove: ∥( f ∗ g)∥1 ≤ ∥ f ∥1 ∥g∥1
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Problem 7:

(a) State the Closed Graph Theorem.

(b) Let H be a Hilbert space with inner product ⟨·, ·⟩. Suppose A, B : H → H are linear operators
such that for all x, y ∈ H , ⟨x, Ay⟩ = ⟨Bx, y⟩. Prove: A and B are bounded.
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Problem 8:
LetH be a real Hilbert space with inner product ⟨·, ·⟩ and Y ⊂ H a closed subspace.

(a) Prove: If, for given x ∈ H , y ∈ Y is such that, among all vectors inY, y has minimal distance to x,
then x − y ∈ Y⊥.
(Note: Y⊥ is the subspace of all u ∈ H such that ⟨u, v⟩ = 0 for all v ∈ Y.)

(b) Prove: If P : H → H is the orthogonal projection ofH onto Y, then P (I − P) = 0.
(Note: I : H → H denotes the identity operator with I(x) = x for all x ∈ H .)
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