Real Analysis Qualifying Exam (spring 2010)
Do four of the following five problems.

1. (a) State carefully and precisely the Fundamental Theorem of Calculus for the
Lebesgue integral.

(b) Let
2/sinl  f0o<a<l,
f(x)_{o if © = 0.
For which real values of 6 is f absolutely continuous on [0, 1]7

2. Let f be a Lebesgue integrable function from R to R. The Fourier transform f of
f is defined as

f(t) = /_OO e " f(x)dr for allt € R.

[e9]

(a) Show that f is a continuous function on R.

(b) Suppose that zf(z) is integrable, ie., [~ |zf(z)|dz < oo. Show that s
differentiable on R, and

(f)(t) = /m(—ix)e_mf(:v)dx.

—00

3. Suppose that 1 < s <t < 0o. Let A be the Lebesgue measure on [0, 2]. Show that
there is a constant ¢ such that for any function f in L*((0, 2]),

I flls < el flle-
What is the best constant?

4. Let f, g be two integrable functions on R.

(a) Show that for almost = € R,

/OO |f(x —y)g(y)|dy < oo.

o0

(b) Let h be the function defined as

ha) = [ (o= v)otw)dy
Show that h is integrable and
12l < [Lf1 - llglh-



5. Let (Q,B, ) be a measure space and f an element in L*(, B, ). Let v be the
function from B to R defined by

V(E) = /E fdu.

Show that v is a signed measure. What is |v|?



