Statistics Masters Comprehensive Exam
November 1, 2003

Student Name:

1. Answer 8 out of 12 problems. Mark the problems you selected
in the following table.
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2. Write your answer right after each problem selected, attach more
pages if necessary.

3. Assemble your work in right order and in the original problem
order.



1. Let X; and X, have independent Gamma distributions with parameters (a, ) and
(0,0), respectively. That is, the joint p.d.f. of X; and X5 is

1 1 _zit=
f(l'l,l'g) = Wl’?ill'g 16 19 2, 0< X1, To < OQ.
Consider
X1
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(a) Find the joint p.d.f. of ¥ and Y5.
(b) Find the marginal p.d.f. of Y;.



2. Let Xi,...,X, be a independent random variables such that X; ~ Normal(fa;, 1),
where a;,7 = 1,---,n are some known constants.

(a) Find the maximum likelihood estimator of 6.

(b) Use this MLE of 6 to construct a 100(1 — «) confidence interval for 6.



3. Let Wy < Wy < -+ < W, be the order statistics of n independent observations from a
U(0,1) distribution.
(a) For 1 <r <mn, find the p.d.f. of W, the r-th order statistics.

(b) Use the above results to verify that E(W;) = n%rl and E(W,) = 5.



4. Let (X1,Y1),...,(X,,Y,) be independently and identically distributed as (X, Y’), where
(X,Y) follows a bivariate normal distribution with means F(X) = p; and E(Y) = ps
and with the variances Var(X) = o? and Var(Y) = o3 respectively. Assume that X
is un-correlated with Y.

(a) Derive the likelihood ratio test (LRT) for testing Hy : 07 = o3 against the alter-
native hypothesis H; : 0% # o3.

(b) Derive the probability distribution of your test statistic under H;. What is the
power function of the LRT test?



5. Let Y; ~ N(a + Bx;,0?%) independently for ¢ = 1,...,n, where x;’s are the values of a
non-random covariate.
(a) Derive the maximum likelihood estimators of «, 3, and o2.

(b) Let & and 3 be the maximum likelihood estimators for o and 3, respectively.
Show that



6. Let {Xi,...,X,} be a random sample from the Bernoulli distribution with density
flz,0)=0*1—-0)1"* 2=0,1, where 0 < 0 < 1.

(a) Find the UMVUE of §2.

(b) Let the density of the prior distribution be given by P(6) oc 8¢~ 1(1 — 0)*=1,0 <
0 < 1, where a > 0,0 > 0. Given the loss function as (6, s) = (s — 6)? for the
estimator s of #, derive the Bayes estimator of 6.



7. Let X be a continuous variable with distribution function F'.

(a) Prove that F'(X) has a uniform distribution on (0, 1).
(b) Find the distribution of 2min{F(X),1 — F(X)}.



8. Let {X1i,...,X,} be a random sample from N (0, 0?).
(a) Show that

C= {(xlaaxn)‘sz > C}
=1

is a best critical region for testing Hy : 0? = 4 against H, : 02 = 16.
(b) If n = 15. find the value of ¢ so that a = 0.05.



9. Let Xi,...,X,, be a random sample an Exponential population with parameter .
That is,
flz; ) =Xxe™, >0

We wish to test Hy : A = 1 versus H; : A > 1. Consider a test which rejects Hy when
Xy < C, where X1y = min(Xy,..., X,).

Find the value of C' so that probability of type I error of this procedure is .05.



10. Suppose that a random variable X has the following p.d.f.

029~ when 0 < z < 1,
f(z0) = { 0 otherwise

where 0 < 0 < oo.

(a) Determine the distribution of Y = —flog X

(b) If Xy,..., X, is a random sample from the above p.d.f. construct a (1 — «)100%
confidence interval for . (The answer should be in terms of tabulated percentiles)



11. Suppose that X, X, and X3 are independently distributed of each other. Fori = 1,2, 3,
let the probability density function X; be

Ne NT x>0
fi(x)_{ 0, <0
(a) Find P(X; < X»).
(b) Find P(Xl < Il’llIl(XQ,Xg))
(C) Find P(X1 < X9 < Xg)



12. Let Xi,..., X, be a random sample from a population with density

021, 0<x<1
J(x:0) = { 0, otherwise

Derive the UMP test at level e = 0.05 for testing Hy : 0 <1 vs Hy : 0 > 1.

(a) Find the critical value for this test explicitly.
(b) Find the power function of this test explicitly.
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Probability p

CoN

Table entry for p is the point (X 2)* with probability p lying above it.

TABLE F X2 distribution critical values

Tables

Tail probability p

df .25 .20 15 .10 .05 .025 .02 .01 .005 .0025 .001 .0005
1 1.32 1.64 2.07 2.71 3.84 5.02 5.41 6.63 7.88 9.14 10.83 12.12
2 2.77 3.22 3.79 4.61 5.99 7.38 7.82 9.21 10.60 11.98 13.82 15.20
3 4.11 4.64 5.32 6.25 7.81 9.35 9.84 1134 12.84 1432 1627 17.73
4 5.39 5.99 6.74 7.78 9.49 11.14 11.67 13.28 14.86 16.42 18.47 20.00
5 6.63 7.29 8.12 9.24 11.07 1283 1339 15.09 16.75 1839 20.51 22.11
6 7.84 8.56 9.45 10.64 12.59 14.45 15.03 16.81 18.55 20.25 22.46 24.10
7 9.04 9.80 10.75 12.02 14.07 16.01 16.62 18.48 20.28 22.04 24.32 26.02
8 1022 11.03 12.03 1336 1551 17.53 1817 20.09 2195 23.77 26.12 27.87
9 11.39 12.24 13.29 14.68 16.92 19.02 19.68 21.67 23.59 25.46 27.88 29.67
10 12,55 1344 1453 1599 1831 2048 21.16 2321 2519 27.11 29.59 3142
11 13.70 14.63 15.77 17.28 19.68 21.92 22.62 24.72 26.76 28.73 31.26 33.14
12 1485 1581 1699 1855 21.03 23.34 24.05 26.22 2830 30.32 3291 34.82
13 15.98 16.98 18.20 19.81 22.36 24.74 25.47 27.69 29.82 31.88 34.53 36.48
14 17.12 18.15 19.41 21.06 23.68 26.12 26.87 29.14 31.32 33.43 36.12 38.11
15 18.25 1931  20.60 2231 2500 2749 2826 30.58 3280 3495 37.70 39.72
16 19.37 20.47 21.79 23.54 26.30 28.85 29.63 32.00 34.27 36.46 39.25 41.31
17 2049  21.61 2298 2477 2759 30.19 31.00 3341 3572 3795 40.79 42.88
18 21.60 22.76 24.16 25.99 28.87 31.53 32.35 34.81 37.16 39.42 42.31 44.43
19 22.72 2390 2533 27.20 30.14 3285 33.69 36.19 3858 40.88 43.82 4597
20 23.83 25.04 26.50 28.41 31.41 34.17 35.02 37.57 40.00 42.34 45.31 47.50
21 2493 26.17 27.66 29.62 32.67 35.48 36.34 38.93 41.40 43.78 46.80 49.01
22 26.04 2730 28.82 30.81 3392 36.78 37.66 4029 42.80 4520 48.27 50.51
23 27.14 28.43 29.98 32.01 35.17 38.08 38.97 41.64 44.18 46.62 49.73 52.00
24 28.24 2955 31.13 3320 3642 3936 40.27 4298 4556 48.03 51.18 53.48
25 29.34 30.68 32.28 34.38 37.65 40.65 41.57 44.31 46.93 49.44 52.62 54.95
26 3043  31.79 3343 3556 38.89 4192 4286 45.64 4829 50.83 54.05 56.41
27 31.53 3291 34.57 36.74 40.11 43.19 44.14 46.96 49.64 52.22 55.48 57.86
28 32,62 34.03 3571 3792 4134 4446 4542 4828 5099 53,59 56.89  59.30
29 3371  35.14 36.85 39.09 4256 4572  46.69 49.59 5234 5497 5830 60.73
30 34.80 36.25 37.99 40.26 43.77 46.98 47.96 50.89 53.67 56.33 59.70 62.16
40 45.62 4727 49.24 51.81 5576 59.34  60.44  63.69 66.77 69.70 7340  76.09
50 56.33 58.16 60.35 63.17 67.50 71.42 72.61 76.15 79.49 82.66 86.66 89.56
60 6698 6897 71.34 7440 79.08 8330 84.58 88.383 9195 9534 99.61 102.7
80 88.13 90.41 93.11 96.58 101.9 106.6 108.1 112.3 116.3 120.1 124.8 128.3
100 | 109.1 111.7 114.7 118.5 124.3 129.6 131.1 135.8 140.2 144.3 149.4 153.2




