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Abstract. In this paper, we derive a low complex decoding metric for space-time
block (STB) codes over quasi-static (slowly changing) flat fading channels with partial
knowledge of channel state information (CSI). Here it is assumed that the channel fad-
ing coefficients are estimated by inserting pilot sequences in the transmitted signals.
A channel estimator is assumed to provide us with an unbiased channel estimate with
a certain error variance and the exact decoder metric is calculated for this case. By
including the variance of the channel estimation error in the decoder metric derivation
of the STB codes, we derive the exact probability density function (pdf) of the received
signals conditioned on the estimated channel fading coefficients and transmitted sym-
bol sequences. A modified decision rule is easily obtained from this pdf and then it
is shown how the new metric can be applied to the most important cases discussed
in the literature. Simulation results show that the proposed metric can significantly
reduce the computational complexity without any performance degradation compared
with the metric proposed by Tarokh.

1 Introduction

Simplicity of practical implementation and feasibility of having multiple an-
tennas at the base station is the main reason to choose transmit diversity as
a method of combating detrimental effects in the wireless communication sys-
tem. While receive diversity like the maximal-ratio receiver combining (MRRC)
scheme uses multiple receive antennas, the space-time block (STB) codes use
multiple transit antennas to achieve performance gain. The STB codes can
achieve diversity gain while maintaining small physical size of the receiver. His-
torically, this scheme was first proposed by Alamouti [1] for two transmitter
antennas and multiple receiver antennas. Later, the scheme was generalized for
any number of transmitter and receiver antennas [12-14,17].

In [1], a decision rule is derived for decoding of the STB codes when the
receiver has complete knowledge of the channel state information (CSI). In
practice, however, the receiver never has the perfect knowledge of the CSI,
as the channel parameters are random variables. The parameters are estimated



using a channel estimation technique as the decision rule requires the knowl-
edge of these parameters. Thus all practical communication systems can be
considered as systems with imperfect channel knowledge. For such STB coded
systems with imperfect channel knowledge, if we employ the decision rule for
perfect knowledge of CSI using imperfect channel parameter estimates in place
of actual channel parameters, performance degradation of the whole system is
observed due to mismatch. Performance degradation due to this type of mis-
match in the channel parameters in the decision rule has been addressed in the
standard literature [16]. It is shown in [2] that a STB coded system is more
sensitive to the channel estimation error than straightforward two branch diver-
sity schemes, because of their dependency on the removal of the cross-terms in
the decision rule. This dependency on the channel estimation error increases as
the number of transmitter and receiver antenna increases to achieve high error
performance [6].

To resolve this issue of mismatch due to the imperfect channel estimation,
the case of partial knowledge of CSI was discussed and a complex decision rule
was proposed by Tarokh [11,13]. The partial knowledge of CSI utilized was the
variance of the estimation error of the channel parameters, which can be easily
and reliably obtained.

A systematic approach to include variance of the channel estimation error
has been done by Frenger in [5] for Turbo coded systems. A similar approach is
taken in this paper to calculate a new metric for a STB coded system proposed
by Alamouti, which can easily be generalized for similar type of systems. Here a
low complex decision rule is derived with no performance degradation compared
with the metric proposed by Tarokh in [13]. Estimation error variance of the
pilot symbol channel estimation technique is also investigated.

The organization of this paper is as follows. Section 2 describes the system
model including a channel estimation technique. In Section 3, a new decoding
metric for STB codes is derived from the exact pdf of the received signal condi-
tioned on the estimated channel parameters. In Section 4, the proposed scheme
is compared with the state-of-the-art scheme proposed by Tarokh. Numerical
results are presented in Section 5, and conclusions are drawn in Section 6. Fi-
nally, the derivation of the exact conditional pdf of the received signal is given
in the Appendix.

2 System Model

Here we consider a wireless communication system with n transmitter antennas
at the base station and one receiver antenna at the remote station. Extension
of formulations for m receiver antennas is straightforward. The encoder uses
a generator matrix to encode the modulated data into different transmitter se-
quences, maintaining orthogonality of the sequences. Each of the n transmitter
antennas simultaneously transmit one symbol s;;,7 = 0,1,2,--- ,n — 1 at any
time slot t. The received signals at the receiver are combined and then decoded
using the maximum likelihood (ML) decoding algorithm to obtain the data bits.

We assume a flat fading wireless channel with the path gain defined to be
h; from the transmitter antenna ¢ to the receiver antenna. The path gains
are modeled as samples of zero mean, independent complex Gaussian random
variables with the variance defined as E[|h;|?] = 203, where E[z] denotes the



expected value of z. Furthermore, the wireless channel is assumed to be quasi-
static so that the path gains are constant over a frame of length L and vary from
one frame to another. This incorporates the required assumption of the STB
decoder to have constant fading for all the symbols of a block of transmitted
symbol sequences having length of [. A frame consists of an integer number of
blocks.

In this paper, we consider the STB coded system considered in [1] with 2
transmitter antennas and one receiver antenna. Data are encoded with STB
encoder using the generator matrix

S0 S1
G= [ st st ] (1)

where each column represents the signals transmitted from a particular antenna
at different time slots and each row represents the signal vector transmitted
from all transmitter antennas at a particular time slot. Here z* denotes the
complex conjugate of x.

After sampling of the received signal using the matched filter at the receiver,
we have samples of the received signals [15]. At the receiver antenna, the re-
ceived signals over two consecutive symbol periods, denoted by ry and r; for
time t and ¢ + T', respectively, can be expressed as

r = Gh + n, (2)

r - b - b n - b
1 hi ny

and ng and n; are independent complex Gaussian random variables with zero
mean and variance E[|no|?] = E[|n1]?] = 202. Actual fading parameter h is also
a vector of complex valued Gaussian distributed elements with mean zero and
variance E[|ho|?] = E[|h|*] = 207. All real and imaginary parts of h and n are
assumed to be independent. It is straightforward to show that the variance of
the sampled zero mean received signal becomes

where

Ellro’] = E[lr1]*] = 207 = 207 (|so|* + [s1]*) + 207,
Now, the estimated channel parameter model can be expressed as
h=h+ e, (3)

where the estimated channel vector h = [ilo izl]T and the error vector e =
[eo e1]T. Here e is complex valued Gaussian distributed estimation error with
Elleo]’] = Elle1]?] = 202 and Ele] = 0. Assuming h and e to be independent,
we find that h is also a vector of complex valued Gaussian distributed random
variables with zero mean and variance defined as E[|ho|?] = E[|h1[?] = 202 =
207 +202. It is shown in [3] that this channel estimate model is valid for pilot-
based channel estimation schemes. Furthermore, in [4], this model is shown
to hold for decision-directed channel estimation schemes, assuming that the
previous data symbols used for channel estimation were correctly detected. This
model can be used in other channel estimation models as well [8].



In this paper, we use a pilot-based channel estimation technique, where the
channel fading coefficients are estimated by inserting orthogonal pilot sequences
in the transmitted signals. In this method, some pilot sequences are inserted at
the beginning (or middle) of a data frame. The receiver has perfect knowledge
of the positions and magnitudes of the pilot sequences. For multiple transmit
antennas, the pilot sequence of any transmitter antenna must be orthogonal
to other pilot sequences from other transmitter antennas to simplify channel
estimator structure. For a system with n transmitter antennas, n different pilot
sequences Pg, Py, ..., P,_1 with the same length are needed. Let k be the length
of the pilot sequences, i.e., P; = [Pig Pi1 ... Pix—1]T for the ith transmitter.
To satisfy the orthogonality property, the pilot sequence of the ith transmitter
has to satisfy the condition

AoH 1P fori=j
<Pi7Pj>_Pi Pj_{ 0 for i # j
where (P;,P;) denotes the inner product of P; and P; and the superscript H
denotes the complex conjugate transpose (i.e., the Hermitian transpose).

The receiver isolates the received signals due to the pilot symbols and sends
those to the channel estimator for initial estimation of channel before decoding
of the received signals due to data symbols. During the channel estimation, the
received signal at the receiver antenna at time ¢ can be represented by

n
T :Zhi'Pi,t+nt' (4)
i=1

The received signal and noise sequence at the antenna can be represented as
r, = [ro 71 ... rk—1]7, and n, = [ng ny ... ng_1]7, respectively. The receiver
estimates the channel fading parameters h; by using the observed sequence rp,.
Since the pilot sequences Py, P, ..., P,—1 have been designed to be orthogonal
to each other, the minimum mean square error (MMSE) estimate of h; is given
by [13]

PZH(]”LIPZ + Z thj + l’lp)

. (Pyr,) Plr, J=1j#i
1 T - - )
Py, Py) Py il
= hz + €, (5)

where e; is the estimation error due to the noise, given by e; = <PZ-, np> /{(P;,P,).
Since n, is a zero-mean complex Gaussian random variable with single-sided
power spectral density Ny, the estimation error e; has a zero mean and single-
sided power spectral density Noy/k [13].

Here in order to derive a new decision metric, we obtain the exact pdf of the
received signal conditioned on the estimated channel parameters and transmit-
ted symbol sequences. To simplify our calculations, the following cross correla-
tion coefficients are defined:

A Elrohg] N E[rohi]
Hoo = Ho1 =
var(ro)var(ho) var(ro)var(hq)
A Elrihg] A E[rihi]
Hio = =

var(ry)var(ho) . var(ry)var(hy)



It can easily be shown that poo = pj; = soo;/(or0j) and por = —pjy =
s10%/(or0;,). We further define

248, 2 2 _ 2 2 U;f 6
1l 2 1paig -t = (is0l” + [32]%) P (6)
" h

where 4, j,m,n € {0,1} with the condition that if i = m, then j # n or vice
versa.
As shown in the Appendix, the required pdf can be expressed as follows:
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where s = [sq, s1]7 is the vector of signals transmitted at a particular time slot.

3 Derivation of a New Decision Metric

We can easily find that the conditional pdf derived in (7) can be rewritten as

the product of conditional pdf’s pro\ﬁ,s(ROH:Iv s) and prlm’S(RﬂI:I7 S),
r . . 2
. 1 —‘Ro - (HooHo + M01H1) %;
Prjns(RIH,s) = SN €XP 5 '
2mo? (1 |ul’) 202 (1 |u*)
- . . 2
1 - ’Rl - (H(%Hl - HSlHO) ZT:
X S OXp 5 (8)
202 (1~ |uf*) 207 (1~ Iul’)
or
Prjis RIH,S) = p, 1 (Ro[H,s)p, | (Ra[H,s). 9)

Thus, given H and s, the random variables ry and r; are independent, complex-
valued Gaussian distributed with conditional means

- N . Oy
E [TO\I‘LS} = (pooHo + M01H1)Uf, (10)
3

& * 7 * 7 Or
E [Tl‘HaS} = (nooH1 — N01H0);a
A

respectively, and equal second moment

E |:”I“o|I:I,S

1 -5 “rlI:I,s

2 2
| = 2020 ) (12)



Assuming that all the signals in the modulation constellation are equiprob-
able, a ML decoder chooses a pair of signals from the signal modulation con-
stellation to minimize the distance metric

d*(Ry, E[ro|H, s]) + d?(Ry, E[r1|H, s]) (13)

over all possible values of 3, the detected signal sequence vector. Here d?(z,y)
is the squared Euclidean distance between signals  and y calculated using the
expression d?(x,y) = (z — y)(z* —y*) = |z — y|?.

Substituting (10) and (11) into (13) leads us to the minimization problem
of the following distance metric

2 2

x 17 % 17 Or
+ ‘Rl — (oo H1 — N()lHO)OT (14)

N . Oy
’Ro — (pooHo + po1 H1)—
I} h

h

for all transmitted symbol sequences.

After expanding the above metric and deleting the terms independent of the
transmitted symbols, we reach the following equivalent metric to be minimized
o2 - - - - - - -

0_7}5 (—ROHSSS — RSH()S() — R()Hiksy{ — RSHlsl — RleSO — RIHlsé + Rngsl
h

* TT ok 04 ] 2 2 2
+RiHosi ) + 2 (Isof® [Hol* + [s1f [HL 2 + [sof* [Ei | + [sa]* | Hol?) -
h

We can decompose this term into two parts for the sake of the simplicity of the
detection process, as

Sl

2 * 17 * * 17 % 04 2 ]
[—(Roﬂg +RI)sh — (R5Ho + Rlﬂl)so} + 2% (|HO|2 + |H1|2> 150l
h

which is only a function of sg, and

Sl

4
A A A A g A A
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h

which is only a function of s;. Thus the minimization problem given in (14)
is reduced to minimizing these two parts separately. This leads us to a faster
decoding process with less complexity, especially for higher order modulation
schemes. After some rearrangement and manipulation of the above two expres-
sions, we can obtain the maximum likelihood estimates of sg and si, denoted
by §p and §1, respectively, as follows:

. N N
89 = arg min [|(R0HS+RTH1)}2LSo|2+770|50|2} (15)
50€Q4 Uﬁ
R . PN 2 2
1 =arg min ||(RoH; — R{Ho)—% — s1|” + mo|s1| ™|, (16)
51€Q4q o
where 1, = Z—ZL (|}AIO|2 + |ﬁ1|2> — 1, and Qg is the discrete set of admissible
h
symbols.



4 Some important special cases

The general decision rules (15) and (16) are the main contributions of this
paper. Using these decision rules, the following important special cases can be
explained:

e Ideal case: In this case, originally developed in [1], the channel parameters
are assumed to be known at the receiver. Based on this assumption, (15)
and (16) can be simplified as follows:

S0 = arg min [|(RoHy + RiH1) = sof? + lsol?] (17)
S0 d

§1 = arg min [I(ROHT — RiHo) — 1> + n|81\2}7 (18)
S1 d

where n = |Ho|? + |H | — 1.

e Alamouti’s Scheme [1]: This scheme, proposed by Alamouti in [1], is based
on an initial assumption that the channel parameters have been estimated

perfectly at the receiver. For perfect channel estimates, 0'}% = o} , and

H; = H;, where i € {0,1}. Then (15) and (16) can be simplified to

So = arg min [|(ROFI§ + RiHy) — sol” + 77|50\2}7 (19)
so€llg

$1= ang min [|(Roy — RiHo) — s1f? +illsi 2] (20)
S1 d

where /) = |Ho|? + |H,|? — 1.

On the other hand, this scheme can be obtained simply by taking (17)
and (18) for known parameters and replacing the known channel parame-
ters with their estimates. In other words, the estimated parameters are
treated as if they were the true channel parameters; i.e., the uncertainty in
the parameter estimates are not considered. This approach is commonly
called certainty equivalence, [18]. Since the scheme proposed by Alamouti
ignores any uncertainty associated with the channel parameters, the solu-
tions obtained in (19) and (20), are not optimal but they can be considered
as approximate or suboptimal solutions.

e Tarokh’s scheme [13]: We now compare the proposed metric with the
state-of-the-art metric given by Tarokh [11,13] in the presence of the
channel estimation error. Originally derived for space-time trellis codes,
the metric is however generally accepted for STB codes. The mean and
variance of the distribution function of the random variable r; condi-

tioned on h; as given by Tarokh are pu,» = ,u’/(\/iaﬁ)\/Es > §1tlAzl and
i=1

n
0% = No+ (1 — |¢/|?)E;s 21 |52,|, respectively. Here p/ = 1//1+ 202 is
=

the correlation coefficient, Ny = 202 is the noise variance and E; is the
energy per symbol, which is the factor by which the elements of the signal



constellation are contracted to make the average energy of the constel-
lation as 1. The decision metric proposed by Tarokh for n transmitter
antennas and one receiver antenna can be written as

n R 2
1 Tt — @ Z §'L thi n
V2o, i=1 12 s 2
E: : _ 2+h(Nb+(1—HM)EG§:$m|)
t=1 | No+ (L — |p/[")Es 3 [84] =t
=1

(21)
For any PSK (phase shift keying) constellation, the metric given in (21)
is simplified to

n 2
WV Es 5. b

- NG Zsi,t il -
h i=1

For the case of normalized Rayleigh fading channel, which is assumed
by Tarokh, we have o7 = 0.5 and v/E; = 1. Considering the case of
2 transmitter and 1 receiver antenna, it can easily be shown that (22),
the metric proposed by Tarokh in [13], is identical with (14), the metric
derived in this paper.

>

t=1

(22)

Tt

To address the complexity issues and memory requirements of the proposed
scheme compared with that of Tarokh’s scheme, some assumptions are made
in order to simplify our comparative study. In this simplified approach, we are
interested only in the complexity of the decision rule as the difference of the
two schemes lies in the decision rules. Since multiplications and divisions are
the most complex basic operations in designing the signal processors, we base
our calculations on the requirements of these operations in the decision rules.
We assume the complexity of a multiplier, a divisor, a squaring or a logarithm
operation be the same. The complexity index is calculated by simply adding
the required number of multiplications, divisions, squaring and logarithm op-
erations. Table I gives the comparison of the proposed scheme with Tarokh’s
scheme for p-QAM and p-PSK modulation, where p is the number of states
of the modulation scheme. The metrics are to be computed for each possible
combination of the signals transmitted for each state of the modulation scheme.
Assume that factors are to be calculated once and then stored for reuse in the
later computations, rather than calculating each time. This results in minimized
processing time by reducing the number of multiplications with increasing stor-
age size. The metrics proposed by Tarokh have to be computed p? times for
different combinations of §y and §; and compared with each other. However, in
the proposed scheme, each metric has to be computed only p times because of
the variable separation operation during the derivation of the metrics. This is
why the complexity of the decision rule of the proposed scheme is much lower
than that of Tarokh’s scheme.

5 Simulation Results

The simulations have been performed using Alamouti’s scheme for STB codes
with two transmitter and one receiver antenna. The channel is assumed to be



Modulation | Decision Complexity Memory Number of
Scheme Metric Index Requirements | Comparisons
p-QAM Proposed (15)(16) 17xp 10 p(p—1)
p-QAM Tarokh(21) 20 x p? 13 p?(p® —1)/2
p-PSK Proposed (15)(16) 17xp 10 p(p—1)
p-PSK Tarokh(22) 11xp? 11 p?(p* —1)/2

Table 1: Comparison of the Complexity Issues of the Proposed Scheme with
Tarokh’s Scheme.
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Figure 1: BER and FER performance for 16-PSK modulation (128 bits/frame)
with a STB coded system using two pilot symbols per frame for the proposed
decision rule, Tarokh’s decision rule and the ideal case with known CSI.

quasi-static and flat faded. Normalized Rayleigh fading is assumed with the
variance per complex dimension as o7 = 0.5. For pilot symbol insertion, the
total transmit energy per frame is kept constant for a fair comparison. The
transmitted signal sequences are modulated using a 16-PSK.

Fig. 1 shows the bit error rate (BER) and frame error rate (FER) per-
formance curves of the system under consideration with 16-PSK modulation
scheme with the proposed decision rule and the decision rule proposed by
Tarokh. The case with known CSI is given for comparison purpose which acts
as a lower bound. For the channel estimation, two pilot symbols are added to
each frame containing information of 128 bits, which is an overhead of 1/16. As
seen, the proposed metric and the metric proposed by Tarokh have the same
performance in terms of BER and FER,; however, the proposed metric has lower
complexity as shown in Table I.



6 Conclusion

In this paper, a low complex decoding metric for space-time block (STB) codes
over quasi-static (slowly changing) flat fading channels in the presence of chan-
nel estimation errors is derived. Here it is assumed that the channel fading
coefficients are estimated by inserting pilot sequences in the transmitted sig-
nals. A channel estimator is assumed to provide us with an unbiased channel
estimate with a certain error variance and the exact decoder metric is calcu-
lated for this case. By including the variance of the channel estimation error in
the decoder metric derivation of the STB codes, we derive the exact probabil-
ity density function (pdf) of the received signals conditioned on the estimated
channel fading coefficients and transmitted symbol sequences. A modified de-
cision rule is easily obtained from this pdf and then it is shown how the new
metric can be applied to the most important cases discussed in the literature.
Simulation results show that the proposed metric can significantly reduce the
computational complexity with no performance degradation compared with the
metric proposed by Tarokh.
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Appendix:

In this appendix, we derive the exact pdf of the received signal conditioned
on the estimated channel parameter and the transmitted symbol sequences.
The received signal vector r is complex Gaussian distributed with mean p,
and covariance matrix C,.. It is straightforward to show that u,, = 0, C;. = 20312,
where I5 denotes a 2 x 2 identity matrix. Hence the pdf of the complex received
signal vector can be expressed as [9]
1
pris(Rs) = 20 exp (—rHC ). (23)
Here s is the transmitted signal vector at any time slot and | X| denotes the de-
terminant, while X denotes Hermitian of the matrix X. Similarly distribution
of the estimated channel parameter vector his complex Gaussian with mean fj,
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and covariance matrix C},. Again, we have pu; = 0 and C;, = 20'}%[2. Thus h has
the complex distribution function as follows:

A 1 N “

W) = 5 exp (<R O R 24
Pl = e (<10 (24)
Now, we obtain the joint distribution function of r and h conditiond on s as [7]
H

pr,fﬂs(R’ FI|S) = C;;%

;exp —lA T] , (25)
7r4’erL‘ h h

where the correlation matrix can be expressed as

CM—E{ ” [rH iLH}}_

2
We have found that ’Orh‘ = 2407%0}% (1 - W|2) and

2021, 203G
202GH 20512

1 2021, —20,0;C
c = M H 2 r (26)
r,h 2\ =20.0;,C 20215
‘Cr ﬁ‘ 1
where C}, is defined as
Moo Ho1
c,2 ] .
Hio  H11

Putting all these values in (25) and doing simple multiplications, we obtain

. 1
pr,ﬁ|s(R’ H| S) = 2
G |Gy (1= Iuf?)

-1
2.2 2 _ 2
20202 (1~ 14F)

X exp (20}%74117“ + 202 h — 220,05 R {THCMiL}) , (27)

where R[X] denotes the real axis portion of the complex scaler X, and the
definition of |u|® is given in (6).

From Bayes’ rule, the pdf of the received signal conditioned on the estimated
channel parameters can be obtained as follows:

pr,iz\s(}ij ]:I‘S) _ pT,iL|s(R: IA{|S) (28)
Pis(HIS) p;, ()

Pris(RIH,S) =

as h is independent of the transmitted symbols.
Substituting (24) and (27) into (28), and doing some simple manipulations
leads to the desired conditional pdf, which is given in (7) or (8).
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